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Definition. We say that the function p € L, belongs to the set V™ (w) (resp.,
V1 (w)) if, for any function u € AC’([0,w]) satisfying

o' (t) > p(t)u(t) pro t€[0,w]; u(0)=u(w), u'(0) =u'(w),
the inequality
u(t) <0 pro te€[0,w] (Jresp.7 u(t) >0 pro te [O,o.)])

is fulfilled.



Definition. We say that the function p € L, belongs to the set Vo(w) if the problem
o =pt)u; u(0) = u(w), u'(0) = u'(w)

has a (nontrivial) sign-constant solution.



Definition. We say that the function p € L., belongs to the set Vo(w) if the problem
o =pt)u; u(0) = u(w), u'(0) = u'(w)

has a (nontrivial) sign-constant solution.

Remark. The inclusion p € Vo(w) holds if and only if the function p admits the
representation )
p(t) = g(t) + (€(9)(t))” pro tER,

where g € L, g =0, and

t+w
(t ——/ / d&ds pro teR.



On the set V™ (w)

Theorem. Letp € L,,. Then the inclusion p € V™ (w) holds if and only if there exists
a function v € AC'([0,w)) satisfying

') < pt)y(t) pro te€[0,w],
Y(t) >0 pro te[0,w],
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and

’Y/(W) ’YI(O) N
¥(0) — y(w) + 5@ 7(0) -+ mes {t €0,w]:y"(t) < p(t)y(t)} > 0.



On the set V™ (w)

Corollary. Letp € L,, p %0,
4
el < 2,

and

plele > - e (1= < M- 11)
Then p € V™ (w).



On the set V™ (w)

Corollary. Letp € L,, p %0,
4
lpl-lle < =,
and .
liphelle = Nipl-lle (1= 5 lpl-112) -
Then p € V™ (w).

Corollary. Let p € Ly, [p]> € L., p Z0,

kK (w)]|[p)2]], < L,

and
el = M-I, + £ -1 (1= e @IBETL)

Then p € V™ (w).



On the set V™ (w)

Corollary. Letp € Lo, p > 0, and

[U(p)(t)| < /P pro te0,w],

where

= ——/Hw/ p)déds

Then p € V™ (w).

pro

teR.



On the set V1 (w)

Definition. We say that the function p € L, belongs to the set D(w) if the problem
W =p(t)u;  u(e) =0, u(f) =0

has no nontrivial solution for any o < § satisfying § — a < w.



On the set V1 (w)

Definition. We say that the function p € L., belongs to the set D(w) if the problem

"

w’' =pt)u;  u(a) =0, u(B) =0

has no nontrivial solution for any o < § satisfying § — a < w.

Theorem. Let p € L. Then the inclusion p € V1 (w) holds if and only if p € D(w)
and there exists a function v € AC'([0,w]) satisfying
7'(t) = pty(t) pro te€[0w],
v({#) >0 pro teo,uw],
7(0) = 7(w),  +'(0) > (w),

and
7'(0) = 7/ (w) +mes {t € [0,6] : 7" (1) > ()Y (D)} > 0.



On the set V1 (w)

Theorem. Let p € L,,. Then the inclusion p € Int VT (w) holds if and only if
p € Int D(w) and there exists v € AC'([0,w]) satisfying
7'(8) = p(t)y(t) pro t€[0,w],
¥(#) >0 pro te0,uw],
7(0) =v(w), ' (0) 27 (w),
and
7/(0) =/ (w) + mes {t € [0,] : 7"(t) > p(t)r(1) } > 0.



On the set V1 (w)

Theorem. Let p € L,,. Then the inclusion p € Int VT (w) holds if and only if
p € Int D(w) and there exists v € AC'([0,w]) satisfying

V' (t) > p(t)y(t) pro tel0,u],
¥(#) >0 pro te0,uw],
7(0) = v(w), 7'(0) >+ (w),

and
7'(0) =+ (w) +mes {t € [0,6] : 7"(8) > ()Y (D)} > 0.

Theorem. Let p € L, be such that
p#Z0, / p(s)ds < 0.
0

Then p € VT (w) (p € Int VT (w)) if and only if p € D(w) (p € Int D(w)).



On the set V1 (w)

Corollary. Letp € L., p#0,p <0, and
k*(w)/ Ip(s)]2 ds < 1.
0

Then p € Int V't (w).



On the set V1 (w)

Corollary. Letp € L., p#0,p <0, and

5 (w) /Ow[p(s)]ids <1

Then p € Int V't (w).

Corollary. Letp € L, p Z Const., p <0, and
1

7 (e“’é —1) Bl + €2 < .

Then p € Int V1 (w).



On the set V1 (w)

Corollary. Let p € L, p Z Const.,

t<timatm
w

0<p< it (/ |£(p)<s>|ds>2,

and

where e e
Up)(t) = —= / (p(€) —p)deds pro t€R.
t t

Then p € Int V't (w).



On the set V1 (w)

Example. Let w =27, p(t) = ¢+ Acost, A #0. Then p = ¢, £(p)(t) = Asint,
=X, [§7 1(p)(s)|ds = 4| A|. If
72

D\
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<c<0

then p € Int VT (w). On the other hand, if
Al < 2= (1 + )
T 27 i

and
2

4\

then p € Int VT (w), as well.



ho(t)
ur

1"

u' =p(t)u —

i u(0) = u(w), u'(0) =u'(w) (1)

Theorem. Let A > —1. Then the problem (1) is solvable if and only if p € V™ (w). If
p €V~ (w) and XA > 0 then the problem (1) is uniquely solvable.



ho(t)
ur

1"

u’ = p(t)u —

i u(0) = u(w), u'(0) =u'(w) (1)

Theorem. Let A > —1. Then the problem (1) is solvable if and only if p € V™ (w). If
p €V~ (w) and XA > 0 then the problem (1) is uniquely solvable.

ho(t)

ur

u(0) = u(w), u'(0) = u'(w) (2)

Theorem. Let A €] — 1,1]. Then the problem (2) is solvable for any ho satisfying
ho(t) >0 pro te [O,w], ho Z 0.

if and only if the inclusion p € VT (w) holds.
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+aq(t); u(0) = u(w), u'(0) =u'(w)

Theorem. Let p € V™ (w) and at least one of the following items be fulfilled:
Q A>—1and

p(p)Q+ < Q_;
@ \e]—1,0] and
Al
1 N S SN
ol *A+1<p<p>mp}+||wu[p]fu) (P()Q+ = Q-):

@ A>0and
holls > (£ pm)@+ )" (p)Q+ — Q-);

1
@ \> e [1/N2], gl " € Lo, and

1
5777

@ ho(s)
/0 5= a ds=+40c0 pro a€|0,w|.
Then the problem (3) is solvable. Moreover, if q(t) < 0 for t € [0,w] then the
inclusion p € V™ (w) is necessary for solvability of (3), while if either (iii) or (iv)
holds then the problem (3) is uniquely solvable.



ho(t)
ur

"

u’ =p(t)u+

+a(t); u(0) = u(w), u'(0) =u'(w),

Theorem. Let p € V™ (w) and

A>0, ho,gq€ Ly, ho(t)>0 pro te0,w], ho#D0.

Let, moreover,
Q- > p(p)Q+
and
A Q- — p(P)Q4)™
A+ DM o) (e lpl+ 1z = e -112)*
Then the problem (4) is solvable.
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