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has Green’s function

T . /7
G(t,s) = 5 sin (? [t — s|) for t,s € [0,T].
and
G(t,s)>0 on [0,T] x[0,T].

AN TI MAXI M U M P RI N CI P LE (DeCoster & Habets, Elsevier, 2006)

Let: p€L4[0,T], >0 and 0<pu<(%¥)* a.e.on [0,T].
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u”+(?) u=0, u(0)=u(T), u'(0)=u'(T)

has Green'’s function
T . /7
G(t,s) = 5 sin (? [t — s|) for t,s € [0,T].
and
G(t,s)>0 on [0,T] x[0,T].

AN TI MAXI M U M P RI N CI P LE (DeCoster & Habets, Elsevier, 2006)
Let: p€L4[0,T], >0 and 0<pu<(%¥)* a.e.on [0,T].

Then
—  VveAC!o,T],

v/(t)+ p(t)v(t)>0a.e. on [0, T], = v>0 on [0,T].
v(0)=v(T), v/(0) = Vv'(T)
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Let
Hé:{ueAC: u' el A u(0)=u(T)=0}

and )
A

[ERIE

(ull3

K(p):inf{ ;ueHg\{O}} for 1< p < oo,

i.e. K(p) is the best Sobolev constant for the inequality ~ C |ju||2 < ||u’|3.
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It is known that

_2 1 2
2w 2 =5 r(ﬁ) .
— _— if 1<p< oo,
K(P) =1 pT'tt <2+p> <F(%+%) =P
% if p=oc.

2
In particular, K(2) = (%) = the first eigenvalue of the related Dirichlet problem
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27 2 =5 r(ﬁ) .
< P if 1<p< oo,
K(P) =1 pT'tt <2+p> <F(%+%) =P

if p=oc.

=

2
In particular, K(2) = (%) = the first eigenvalue of the related Dirichlet problem .

PROPOSITION Torres, 2003

Assume :
@ 1<q<oo, ue€ly[0,T], u(t) >0 a.e.on [0,T], @>0;
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In particular, K(2) = (%) = the first eigenvalue of the related Dirichlet problem .

PROPOSITION Torres, 2003

Assume :
@ 1<q<oo, u€ly[0,T], u(t) >0 a.e.on [0,T], @>0;
® [ulq < K(207), where
st =1ifl<g<oo, q*=c0ifq=1 g*=1if g=co.
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Assume :
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< P if 1<p< oo,
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In particular, K(2) = (%) = the first eigenvalue of the related Dirichlet problem .

PROPOSITION Torres, 2003

Assume :
@ 1<q<oo, u€ly[0,T], u(t) >0 a.e.on [0,T], @>0;
@ [lullg < K(29*), where
st =1ifl<g<oo, g*=c0ifq=1g*=1if qg=co.

e v eACL[0,T],

v”’(t)+p(t)v(t)>0a.e. on[0,T], = v>0 on [0,T]
v(0)=v(T), v/(0) >V'(T)
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It is known that

_2 1 2
27 2 = r(ﬁ) .
— _— if 1<p< oo,
K(P) =1 o7t <2+p> <r(%+g) =P
% if p=oc.

2
In particular, K(2) = (%) = the first eigenvalue of the related Dirichlet problem .

PROPOSITION Torres, 2003

Assume :

@ 1<q<oo, u€ly[0,T], u(t) >0 a.e.on [0,T], @>0;

® [|lulla < K(2q"), where

t+a+=1ifl<g<oo, q*=c0ifq=1,g*=1if g=oco.

e v eAC[0,T],
v”’(t)+p(t)v(t)>0a.e. on[0,T], = v>0 on [0,T]
v(0)=v(T), v'(0) = V'(T)
Moreover, if  ||ullq < K(29™), then the corresponding Green’s function is strictly
positive.
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Antimaximum Principle for p-Laplacians
We denote ¢p(y) = |y|P~2y fory € R.

(¢p(u) +Adp(u) =0, u(to) =0, u'(to) =d  iff

u(t)=d x""Psing (AP (t —to))
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Antimaximum Principle for p-Laplacians

We denote ¢p(y) = |y|P~2y fory € R.

(¢p(U)) +Adp(U)=0, u(t)) =0, U'(to) =d iff u(t)=d AP sing(\P(t —1to))
3
\is an eigenvalue for (¢p(u’)) +Adp(u), u(@)=u(b)=0 iff

Ae {(bnjpay: neNU{O}},

T =2(p— 1M /O (1-sP) /P ds=2(p—1)"P %
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Antimaximum Principle for p-Laplacians

We denote ¢p(y) = |y|P~2y fory € R.

(¢p(U)) +Adp(U)=0, u(t)) =0, U'(to) =d iff u(t)=d AP sing(\P(t —1to))
3
\is an eigenvalue for (¢p(u’)) +Adp(u), u(@)=u(b)=0 iff

red [ p-neNu{O}
b—a/ ’
where

1
7Tp:2(p71)1/p /0 (1,Sp)fl/p dSIZ(pfl)l/pﬂ

In particular, if

(@p(u)) + () ¢p(u) =0, u(a)=u(b)=0

has a nontrivial solution, then b—-a>T.
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Antimaximum Principle for p-Laplacians

PROPOSITION
Problem (D) (¢p(u’)) + (3)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solutiononly if b—a>T.
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Antimaximum Principle for p-Laplacians

PROPOSITION
Problem (D) (¢p(u’)) + (3)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solutiononly if b—a>T.

ASSUME € Ly[0,T], 0<pu(t)< (2)° ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢o(v'(1))" +(t) dp(v(t)) 20 ae.on [0,T].
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Antimaximum Principle for p-Laplacians

PROPOSITION

Problem (D) (¢p(u’)) + (3)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solutiononly if b—a>T.

ASSUME € Ly[0,T], 0<pu(t)< (2)° ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢o(v'(1))" +(t) dp(v(t)) 20 ae.on [0,T].

e v<0on [0,T] = v=0
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Antimaximum Principle for p-Laplacians

PROPOSITION

Problem (D) (¢p(u’)) + (32)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solution only if b—-a>T.

ASSUME peL[0,T], 0<pu(t)< (3)” ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢o(V'(1))) + u(t) dp(v(t)) >0 a.e.on [0,T].
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PROPOSITION

Problem (D) (¢p(u’)) + (32)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solution only if b—-a>T.

ASSUME pel4[0,T], 0< u(t) < (?") ae.on[0,T], #>0 and
u

LET v#0, v(0)=v(T), v/(0)=u’(T) and

(¢o(v'(1)) +u(t) dp(v(t)) =0 ae.on [0,T].
e max{v(t):te[0,T]} >0
e min{v(t):t€[0,T]}<0 = 3JabeR,a<b: v>0 on (ab),
v(a)=v(b)=0 and b-a<T
—> Vv is LOWER FUNCTION for (D)
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PROPOSITION
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Antimaximum Principle for p-Laplacians

PROPOSITION

Problem (D) (¢p(u’))' + (3)° ¢p(u) =0, u(a)=u(b)=0
has a nontrivial solutiononly if b—a>T.

ASSUME € Ly[0,T], 0<pu(t)< (2)° ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢p(v'(1)))" + p(t) dp(v(1)) 20 ae.on [0,T].

e max{v(t):te[0,T]} >0
e min{v(t):t€[0,T]} <0 =

o Vv is LOWER FUNCTION for (D) withb —a<T
o LET a' <a<b<b/,b —-a' =T and
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PROPOSITION

Problem (D) (¢p(u’))' + (3)° ¢p(u) =0, u(a)=u(b)=0
has a nontrivial solutiononly if b—a>T.

ASSUME € Ly[0,T], 0<pu(t)< (2)° ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢p(v'(1)))" + p(t) dp(v(1)) 20 ae.on [0,T].

e max{v(t):te[0,T]} >0
e min{v(t):t€[0,T]} <0 =

o Vv is LOWER FUNCTION for (D) withb —a<T
o LET a' <a<b<b/,b —-a' =T and
w(t) =d sinp (M) withd > 0 so large thatw > v on [a,b].
THEN  (¢p(w(t))) + ()" ¢p(w(t))=0 ae.on [a',b],
w(a’)>0, w(b’)>0, w>v on]a,b]
= w is an UPPER FUNCTION for (D)
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Antimaximum Principle for p-Laplacians

PROPOSITION

Problem (D) (¢p(u’)) + (32)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solution only if b—-a>T.

ASSUME p€eL[0,T], 0<pu(t)< (3)” ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢o(V'(1))) + u(t) dp(v(t)) >0 a.e.on [0,T].

e max{v(t):te[0,T]} >0
e min{v(t):t€[0,T]} <0 =
o Vv is LOWER FUNCTION for (D) withb —a<T
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Antimaximum Principle for p-Laplacians

PROPOSITION

Problem (D) (¢p(u’)) + (32)” ¢p(u)=0, u(a)=u(b)=0

has a nontrivial solution only if b—-a>T.

ASSUME p€eL[0,T], 0<pu(t)< (3)” ae.on[0,T], >0 and
LET v#0, v(0)=v(T), v/(0)=u’(T) and
(¢o(V'(1))) + u(t) dp(v(t)) >0 a.e.on [0,T].

e max{v(t):te[0,T]} >0
e min{v(t):t€[0,T]} <0 =
o Vis LOWER FUNCTION for (D) withb —a<T
o 3 UPPER FUNCTION w of (D) such that w >v on [a,b]
= 3 SOLUTION u to (D) suchthat0O<v <u<w on (a,b)
CONTRADICTION to PROPOSITION !!!
= min{v(t):t€[0,T]} >0

Milan Tvrdy (Inst. of Mathematics) Anti-maximum principle for p-Laplacians Hejnice, September 16-20, 2007 10/17



Antimaximum Principle for p-Laplacians

TH EO R E M 1 [Cabada, Lomtatidze & Tvrdy (2006/7))

Assume :
© puelyf0,T], 0<u< (%) ae.on [0,T] and 7> 0;
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Antimaximum Principle for p-Laplacians

TH EO R E M 1 [Cabada, Lomtatidze & Tvrdy (2006/7))

Assume :
© puelyf0,T], 0<u< (%) ae.on [0,T] and 7> 0;
Then

op(V')€ACIO, T],

(Pp(V'(1))) + u(t) pp(v(t)) >0a.e.on [0, T], » = v>0 on [0,T].
v(0)=v(T), v'(0)=Vv/(T)
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Main result
(P) (¢p(u’)) =f(t,u), u(0)=u(T), u'(0) =u'(T)

T H EO R E M 2 (Cabada, Lomtatidze & Tvrdy (2006))

Assume : feCar([0,T] x (0,00)) and thereare r >0, A>r,B>A, el
such that
@ 3<0 and f(t,x)<p(t) forae. tc[0,T],x €[A B];
o f(t,x)>— () ¢p(x —r) forae.te[0,T]andall x r,B],
0oB-A>T|m[I"% 14io1,
m(t) = max { sup{f(t,x): x € [r,A]}, 5(t),0} fora.e.te[0,T].
Then (P) has a solution u suchthat r<u<B on [0,T].
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Main result

(P) (¢p(u"))" =f(t,u), u(0)=u(T), u'(0) =u'(T)
TH EOREM 2 (Cabada, Lomtatidze & Tvrdy (2006))

Assume : feCar([0,T] x (0,00)) and thereare r >0, A>r,B>A, el
such that
@ 3<0 and f(t,x)<p(t) forae. tc[0,T],x €[A B];
o f(t,x)>— () ¢p(x —r) forae.te[0,T]andall x r,B],
°B-A>F|m|{™", 3+3=1,
m(t) = max { sup{f(t,x): x € [r,A]}, 5(t),0} fora.e.te[0,T].
Then (P) has a solution u suchthat r<u<B on [0,T].

COROLLARY
Assume : f(t,x)=g(x)+e(t), g€C(0,00), e€L4][0,T],
@ e +limsup g(x) <0,

X—00
@ 3r>0: et)+g(x)+ (2)’(x—r)’* >0 forae. te[0,T]and all x >r.
Then (P) has a solution u suchthat u(t)>r on [0, T].
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Example (p =2)

(E) u”+ku= l% +e(t), u(0)=u(T), W'(0)=u'(T) [a>0,1>0,k>0, ecly]
(E) has a solution if :

e k=0,A>1 e<0 [Lazer & Solimini ],

e k#(n %)2 forall n€ N, A>1, e € C [del Pino, Manasevich & Montero ]

e 0<k<(Z)? A>1, ecl. [Omari&Ye],

R
e k=0, <0, infesse(t)>—( L )”1 (A+1)a,

te[0,T] TZ)a

A
0<k< (Z)? infesse(t)> f(”Z*Tzk) A+ 1)a

te[o,T] T2 Xa
[supplementary results by Torres ],

N2 z G 2
k= (), |Pef[§§]s e(t) >0 [Rachunkova, Tvrdy & Vrko €],

[improvements by Bonheure & De Coster ].
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Example (1 <p < )

(E) (¢p(u") +k ¢p(u) = Z+e(t), u(0)=u(T), u'(0)=u'(T),
[a>0, A>0, k>0, eeLl]

(E) has a solution if :
e 0<k < ()", A >1 [Jebelean & Mawhin, Liu Bing, Rachunkova & Tvrdy]

1y 22\ X p—1
el<p<oo, k=0,€<0, inf[ﬁ]s,e(t)ﬁ—am(w) >0,
telo,

p—1 Aa
A
1 Ep_k A+p—1
el<p<oo, 0<k< (), |nf§$]se(t) a e ((p )((A;) )) >0,
tef
<2, k=(2)f
e1l<p<2, ()" Ipef[g%se(t)
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@ PART |. HIGHER ORDER SINGULAR PROBLEMS
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Existence principles for singular problems
Focal problem

(n, p) problem

Conjugate problem

Sturm-Liouville problem

Lidstone problem

SECOND ORDER SINGULAR PROBLEMS WITH ¢— LAPLACIAN
Dirichlet problem

Periodic problem

Mixed problem

Nonlocal problems

Problems with a parameter

@ APPENDICES
A. Uniform integrability, equicontinuity
B. Convergence theorems
C. Some general existence theorems
D. Spectrum of the quasilinear Dirichlet problem
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