
Anti-maximum principle for p-Laplacians
and its application to

weakly singular periodic problems

Milan Tvrdý

Institute of Mathematics
Acad. Sci. of the Czech Rep.

[based on the joint work with Alberto Cabada and Alexander Lomtatidze ]

Milan Tvrdý (Inst. of Mathematics) Anti-maximum principle for p-Laplacians Hejnice, September 16-20, 2007 1 / 17



Antimaximum Principle

u′′ +
( π

T

)2
u = 0, u(0) = u(T ), u′(0) = u′(T )

has Green’s function

G(t, s) =
T

2 π
sin

( π

T
|t − s|

)

for t, s ∈ [0, T ].



Antimaximum Principle

u′′ +
( π

T

)2
u = 0, u(0) = u(T ), u′(0) = u′(T )

has Green’s function

G(t, s) =
T

2 π
sin

( π

T
|t − s|

)

for t, s ∈ [0, T ].

and

G(t, s) ≥ 0 on [0, T ]× [0, T ].

Milan Tvrdý (Inst. of Mathematics) Anti-maximum principle for p-Laplacians Hejnice, September 16-20, 2007 2 / 17



Antimaximum Principle

u′′ +
( π

T

)2
u = 0, u(0) = u(T ), u′(0) = u′(T )

has Green’s function

G(t, s) =
T

2 π
sin

( π

T
|t − s|

)

for t, s ∈ [0, T ].

and

G(t, s) ≥ 0 on [0, T ]× [0, T ].

ANTIMAXIMUM PRINCIPLE (DeCoster & Habets, Elsevier, 2006)
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ANTIMAXIMUM PRINCIPLE (DeCoster & Habets, Elsevier, 2006)

Let : µ∈L1[0, T ], µ > 0 and 0≤µ≤ (π
T )2 a.e. on [0, T ].

Then
v ∈AC1[0, T ],

v ′′(t)+ µ(t) v(t)≥ 0 a.e. on [0, T ],

v(0)= v(T ), v ′(0)≥ v ′(T )




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=⇒ v ≥ 0 on [0, T ].
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Let
H1

0 = {u ∈AC : u′ ∈L2 ∧ u(0) = u(T ) = 0}

and

K (p) = inf
{‖u′‖2

2

‖u‖2
p

: u ∈ H1
0 \ {0}

}

for 1 ≤ p ≤ ∞,

i.e. K (p) is the best Sobolev constant for the inequality C ‖u‖2
p ≤ ‖u′‖2

2.
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PROPOSITION Torres, 2003

Assume :

1 ≤ q ≤ ∞, µ ∈ Lq[0, T ], µ(t) ≥ 0 a.e. on [0, T ], µ > 0;
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Assume :

1 ≤ q ≤ ∞, µ ∈ Lq[0, T ], µ(t) ≥ 0 a.e. on [0, T ], µ > 0;

‖µ‖q ≤ K (2 q∗), where
1
q + 1

q∗ = 1 if 1 < q < ∞, q∗ = ∞ if q = 1, q∗ = 1 if q = ∞.
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Moreover, if ‖µ‖q < K (2 q∗), then the corresponding Green’s function is strictly
positive.
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In particular, if
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′

+
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• v ≤ 0 on [0, T ] =⇒ v ≡0
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CONTRADICTION to PROPOSITION !!!

⇒ min{v(t) : t ∈ [0, T ]} ≥ 0
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Antimaximum Principle for p-Laplacians

THEOREM 1 [Cabada, Lomtatidze & Tvrdý (2006/7))

Assume :

µ∈L1[0, T ], 0 ≤ µ ≤
(πp

T

)p
a.e. on [0, T ] and µ > 0;
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Main result
(P)

�
φp(u

′)
�
′

= f (t , u), u(0) = u(T ), u′(0) = u′(T )

THEOREM 2 (Cabada, Lomtatidze & Tvrdý (2006))

Assume : f ∈Car([0, T ] × (0,∞)) and there are r > 0, A≥ r , B > A, β ∈L1

such that

β ≤ 0 and f (t, x)≤ β(t) for a.e. t ∈ [0, T ], x ∈ [A, B];

f (t, x)≥−
(πp

T

)p
φp(x − r) for a.e. t ∈ [0, T ] and all x ∈ [r , B],

B −A≥ T
2 ‖m‖q − 1

1 , 1
p + 1

q = 1,

m(t)= max
{

sup{f (t, x) : x ∈ [r , A]}, β(t), 0
}

for a.e. t ∈ [0, T ].

Then (P) has a solution u such that r ≤ u ≤B on [0, T ].
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1 , 1
p + 1

q = 1,

m(t)= max
{

sup{f (t, x) : x ∈ [r , A]}, β(t), 0
}

for a.e. t ∈ [0, T ].

Then (P) has a solution u such that r ≤ u ≤B on [0, T ].

COROLLARY
Assume : f (t, x)= g(x)+ e(t), g ∈C(0,∞), e∈L1[0, T ],

e + lim sup
x→∞

g(x) < 0,

∃ r > 0 : e(t)+ g(x)+
(πp

T

)p
(x − r)p−1

≥ 0 for a.e. t ∈ [0, T ] and all x ≥ r .

Then (P) has a solution u such that u(t)≥ r on [0, T ].
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Example (p = 2)

(E) u′′ + k u =
a

uλ
+ e(t), u(0)= u(T ), u′(0)= u′(T )

h
a > 0, λ > 0, k ≥0, e∈ L1

i
(E) has a solution if :

• k = 0, λ ≥ 1, e < 0 [Lazer & Solimini ],

• k 6=
�
n π

T

�2 for all n ∈ N, λ ≥ 1, e ∈ C [del Pino, Manásevich & Montero ]

• 0 < k <
�

π
T

�2
, λ ≥ 1, e ∈ L∞ [Omari & Ye ],

• k = 0, e < 0, inf ess
t∈[0,T ]

e(t) > −
�

1
T 2 λ a

� λ
λ+1

(λ + 1) a,

0 < k <
�

π
T

�2
, inf ess

t∈[0,T ]
e(t) > −

�
π2

−T 2k
T 2 λ a

� λ
λ+1

(λ + 1) a

[supplementary results by Torres ],

k =
�

π
T

�2
, inf ess

t∈[0,T ]
e(t) > 0 [Rachunková, Tvrdý & Vrko č],

[improvements by Bonheure & De Coster ].
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Example (1 < p < ∞)

(E)
�
φp(u

′)
�
′

+k φp(u) = a
uλ

+e(t), u(0) = u(T ), u′(0) = u′(T ),h
a > 0, λ > 0, k ≥0, e∈ L1

i
(E) has a solution if :

• 0 < k < (
πp
T )p

, λ ≥ 1 [Jebelean & Mawhin, Liu Bing, Rachunková & Tvrdý] ,

• 1 < p < ∞, k = 0, e < 0, inf ess
t∈[0,T ]

e(t)+ a λ+p−1
p−1

�
(p−1)(

πp
T )p

λ a

� λ
λ+p−1

> 0,

• 1 < p < ∞, 0 < k < (
πp
T )p

, inf ess
t∈[0,T ]

e(t)+ a λ+p−1
p−1

�
(p−1)

�
(
πp
T )p

−k
�

λ a

� λ
λ+p−1

>0,

• 1 < p≤ 2, k = (
πp
T )p

, inf ess
t∈[0,T ]

e(t) > 0.
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I. Rachunková, M. Tvrdý and I. Vrko č. Resonance and Multiplicity in Periodic Boundary Value
Problems with Singularity. Math. Bohem. 128 (2003) 45–70.

L. Sanchez . Positive solutions for a class of semilinear two-point boundary value problems.
Bull. Austral. Math. Soc. 45 (1992) 439-451.

P.J. Torres . Existence of one-signed periodic solutions of some second-order differential equations via a
Krasnoselskii fixed point theorem. J. Differential Equations 190 (2003) 643–662.

M. Zhang . A relationship between the periodic and the Dirichlet BVP’s of singular differential equations.
Proc. Royal Soc. Edinburgh 128A (1998) 1099–1114.

Milan Tvrdý (Inst. of Mathematics) Anti-maximum principle for p-Laplacians Hejnice, September 16-20, 2007 16 / 17



I. Rachunková, S. Stan ěk & M. Tvrdý .
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