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In the present paper we establish new effective conditions which guarantee,
respectively, the boundedness, uniform stability and uniform asymptotic stability of
solutions of nonlinear differential systems with delay.

Throughout the paper, the use will be made of the following notation:
R:]—oo,+oo[, R, :[O,+oo[
J, 1s Kronecker’s symbol, i.e., 1 for ik
« _{o for i 2k’
X = (X% )In _,and X =(>§k): , are the n-dimensional column vector and  NX -matrix
with the elements ¢ and x, [ R(i k= l,---,n) and the norms

, IX[= 20 1 s

ik=1

n
Ixll= % Ix,




X' isthe matrix inverseto X
r (X) is the spectral radius of X
E 1s the unit matrix ;

| is a compact or noncompact interval;

C(l) is the space of bounded continuous functions x:| - R with the
norm
Moy =suef (e):201}
C}m(l) is the space of functions x:| — R , absolutely continuous on every

compact interval containing in | ;
L(I) is the space of Lebesgue integrable functions x:| - R ;

L. (1) is the space of functions X:| — R , Lebesgue integrable on every
compact interval containing in |



Consider the differential system

X (6)+8 ()% (7 (1) = £ (6% (7 (8) - %, (7 (1)) (i =2--0). (1)

Here f:RxR" 5 R (i = l,---n) are functions satisfying the local Carathéodory
conditions,

gy OLo (R, g (t)=0 for toR (i=1--4n)

and 'R -R 7,:R -R (i,k :l---,n) are measurable on every finite interval
functions such that

7 (t)<t, 7, st for tOR, (i=1-,n)



X(0)+5 (0% (7 (6) = F (6 (7(0) - X, (7 (1)) (=20 1)

Let

alR, ¢OC(]-0d), ¢OR (i=1-n)
For the system (1) , we consider the Cauchy problem

x(t)=¢(t) for t<a x(a)=¢; (i=1---n) (2
Suppose
1 for t>a 7, (t) fortza |
= W)= =1...
X (1) {0 for t<a Tar (1 {a for t<a > (ik=1n)

and introduce the following.




x(t)=c(t)  for t<a x(a)=¢ (i=1-n) (2

Definition 1. Let ~©<a<b<+c and | :[a,b[ , or —0w<a<ph<+co and | :[a,b_:
The vector function (Xi ).n _, - I = R" is said to be a solution of the problem (1), (2) ,
defined on | ,if

X0G.(1), x(a)=g (i=1--n)

and almost everywhere on | the equality (1) is fulfilled, where
X (Tik (t)) - (1_/Ya (Tik (t)))cu (Tik (t)) +
+/Ya(rik (t)))ﬂ (Taik (t)) (i’k:]-’"'n), (3)

X (7 (1) =(t-xa(m () o (m () e (B (O)x (7 (1) (=10), @

and



Definition 2. Let -w<a<b<+c and | = [a, b[ ( I= [a, b] ). A
solution (Xi)in:1 of the problem (1), (2) is said to be continuable if there
exist b [J[b, +oof (bD]b, +oo[) and a solution (X)i:1 of that problem, defined
on [a,b] , such that

X (t)=x(t) for tOl (i=1-,n)
A solution (X )in:l is, otherwise, called noncontinuable.

If f t,O,---,O) =0 (i =1 n) , then the system (1) under the initial
conditions % (t)=0 for t<0 hasa trivial solution.




x(t)=c(t)  for  t<a x(a)=q, (i=1-n) @

Definition 3. A trivial solution of the system (1) is said to be uniformly
stable if for any &£>0 there exist 0 >0 such that for arbitrary numbers and
functions allR,, ¢, R and C DC(]—oo,a[) (i :].,---,n) , satisfying the

condition

> (Il + 6l < 5)

i=1
every noncontinuable solution of the problem (1), (2) is defined on [a, +oo[ and

admits the estimate

2% e ey <& (6)




X(0)+ (1) (7 (6) = (6% (7 (0) - X (7 () (1=2n) (1)

KM=c()  for  t<a x(@=q (=2-0) @
> e+l _ma[))w, 5)
ZHXI H [a +oo[ (6)

Definition 4. A trivial solution of the system (1) is said to be uniformly
asymptotically stable if for any £>0 there exist 0>0  such that for
arbitrary numbers and functions allR, ¢, UR and
c DC(]—OO, a[) (i ::I.,~--,n) , satisfying the condition (5), every noncontinuable
solution of the problem (1), (2) is defined on [a, +oo[ , admits the estimate (6) and

is vanishing at infinity, i.e.

limx (t)=0 (i=1---,n). (7)

t - +oo




A (t)+ 0 (0% (7 (0) = & (&% (7 (t) % (m (1) (=20) @)
x(t)=c(t) for t<a, x(a)=¢; (i=1-n) (2

Theorem 1. Let there exist nonnegative constants  (, (i,k=1---,n) and
nonnegative functions g, [JL,__ ([a, +oo[)and f, 0L, ([a, +oo[) (i,k=1---,n) such
that the inequalities i

‘fi (txlxn)‘ <2 G ()% fo (t) (i=1--.n), (8)
t k=1
Ok (t) * 0y (t) J‘ (gik (S) + 0y Oox (S))dSS Qo (t) (i K :L---,n) 9)
are satisfied, respectivelri"}(,t)on [a,+o[xR" and [a,+oo[ . If, moreover,
liminfz,(t)>a (i=1--,n), (10)

t _ +oo
t t t
eo.=sup{fexp[—1 00 (91, (s | fo.(s>ds:tza}<+oo (=10)
a S T (t)
and the condition

r(L)<1 , where L=(¢) (12)

ik=1"
is fulfilled, then every noncontinuable solution of the problem (1), (2) is defined
on [a, +°°[ , 18 boundgd and admits thne estimate

> [ legu.ng <23l *leal+4o ) 13

where 0O isa positive constant depending only on Y%;: Yk and /7, (i,k :l,---,n) )

(]



X(8)+ o (8% (7 (0) = 1 (6% (7 (6) - %, (7 (1) (1=L-0) (1)
(

k()=6() for t<a x(a)=¢ (=l-n) @

‘f(txl Xn)‘ Zglk()‘xk‘-l_fOi(t) (i:]"""n)’ (8)

t
Qi (t)+ Qoi (t) J‘ (g|k( ) a_|<90|<( ))dsggikgm (t) (i’k ::L""n) 9)
7 (1)

r(L)<1 : where L :(Eik)inkzl, (12)
Theorem 2. Let there exist nonnegative constants /,, (i,k=1---,n) and V' and
nonnegative functions g UL g[a +oo[2 g, 0L, S[a +oo[) and
f 0L, ([a +oo[) such that the inequalities (8) are satisfied on [a +00[ xR" and the

1nequa11t1es

t-r,(t)sy, t-r(t)<y (Lk=L1--n), g4 (t)2ge(t) (i=1--.n) (14)

alon{g with (9) are satisfied on [a, +oo[. Let, moreover,

sup jexp(—_t[gm(x)dx} f, (s)ds+ _t[ f (s)ds: t>a}<+oo (i=1---,n) (15

Tai (t)

Where ! ( exp(j 90 j fo (t) (I :]_,...,n), (16)
and let the conditions (12) and I go X dX oo be fulfilled. Then every
noncontinuable solution of the problem * (1), (2) is defined on [a, +00[ and is

vanishing at infinity.



><(t)+go(t)>4(r.()) f (6% (72 (1) % (7 (1) (i=2-n) (1)

g|k go. I(guk +5kg0k ))dssgikgm(t) (i’k:l""n) (9)
74 (1)

'[
n

( ) <1 ’ where L= (gik)i,kzl’ (12)

Theorem 3. Let there exist constants J5,>0, ¢, =20 (i K ::I_,---,n) and

nonnegative functions 0, UL, (R+) (i K=1---, n) such that, respectively, on the

set {(txlxn) (k ::I_,---,n)} and on the interval R, the
inequalities
‘fi(tixli'”’xn)‘gzgik(t)‘xk‘ (i:l""n) (17)
k=1

and (9) are satisfied. If, moreover,
liminf 7, (t)>0 (i=1---,n)
t - +o0

and the condition (12) is fulfilled, then the trivial solution of the system (1) is

uniformly stable.




(00 (0% (8 (0) = (15 (5 (0) - (s 1)) (=20 1)
O (t) *+ 90 (1) J; (gik(s)+5ikgok(s))dss€ikg0i (t) (i.k=1--n) 9)

r(L)<1 ,  where L=(00) ey (12)
t-r )<y, t-g,()<y (k=1-n), g, ()2g,(t) (i=1--n) (g
\fi(t,&,---,a)\sggik(t)\xk\ (i=2-n) (17)

Theorem 4. Let there exist constants ¢, >0, 7/, >0 (i k= :I_,---,n) and
nonnegative functions 0 Ol (R) (i,k=1---,n) such that on the

set {(t,xl,”',xn)i'[DRu
while on the interval R, the inequalities (9) and (14) hold. If, moreover, the

conditions (12) and I J, (X) dx = +oo are fulfilled, where
) 9o (t) =min{g, (t): i=1--,n},

then the trivial solution of the system (1) is uniformly asymptotically stable.

x|<d (k= ZI.,---,n)} the inequalities (17) are fulfilled,




As an example, let us con51der the linear differential system

$(0)= 3 P (1) (1) (1=2-0) (18)
where  p, 0L (R) (i,k= 1, -,n) , and 'R - R (i,k=1---,n) are
measurable on every finite segment functions satisfying the inequalities

()<t (i,k=1---,n).

The system (18) is said to be uniformly stable (uniformly asymptotically stable) if
its trivial solution is uniformly stable (uniformly asymptotically stable).

Suppose



r(L)<1, where L=(¢) (12)

ik=1'

X (t)= EZDW() (7 (1)) (i=1---.n) (18)

From Theorem 3 we have

Corollary 1. Let almost everywhere on R, theinequalities

p, (1)<0, j\p, s)ds<¢; (i=1--,n), (19)

‘pik(t)‘+‘pii J“ﬂk dS Em‘pu ‘ (i’k:l’”"n; i;tk) (20)

be satisfied, where /. (| k=1-- ,n) are nonnegative constants, satisfying the

condition (12). If, moreover,

liminf 7, (t)>0 (i=1---,n),

t - +o0

then the system (18) is uniformly stable.



r(L)<1, where L=(4y); (12)

i k=1’

X (t) :g P (t)xi (Tik (t)) (i :1"'"”) (18)

Theorem 4 results in

Corollary 2. Let almost everywhere on R

+

t
p: (t) <0, J‘ pii(s)‘dsggii (i=2-n),
Toi (1)
‘pik(t)‘_i-‘pii ‘ J‘ ‘pm dSSEik‘pﬁ(t)‘ (i’k:l"',n; i;tk)
Toi (1)
be satisfied, where 7, (I K=1- -,n) are nonnegative constants, satisfying the
condition (12). If, moreover,

the inequalities

vrai max{t -7, (t):tOR} <+ (i,k=1--,n), Tp(t):+°°’

where 0

p(t) = min{‘pii (t)]: i =l---,n},

then the system (18) is uniformly asymptotically stable.



