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1 Introduction

Nonlinear eigenvalue problems of the type:

x′′ = −λf(x), x(0) = 0, x(1) = 0, (1)

(most recently P. Korman et al. [2], looking for multiple positive
solutions).

We consider a two-parameter nonlinear problem:

x′′ = −λf(x+) + µg(x−), x(0) = 0, x(1) = 0, (2)

where f, g are positive valued Lipschitz functions such that f(0) =
g(0) = 0.

The same equation in alternative form

x′′ =
{ −λf(x), if x ≥ 0

µg(−x), if x < 0.
(3)
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If f = g = x one has the Fučik equation:

x′′ = −λx+ + µx−, x(0) = 0, x(1) = 0, (4)
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Fig. 1. The classical (λ, µ) Fučik spectrum.
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no zeros in (0, 1), x′(0) > 0 : F+
0 =

{(
λ, µ

)
: λ = π2, µ ≥ 0

}
,

no zeros in (0, 1), x′(0) < 0 : F−0 =
{(

λ, µ
)

: λ ≥ 0, µ = π2
}

,

one zero in (0, 1), x′(0) > 0 : F+
1 =

{
(λ;µ) :

π√
λ

+
π√
µ

= 1
}

,

one zero in (0, 1), x′(0) < 0 : F−1 =
{

(λ;µ) :
π√
µ

+
π√
λ

= 1
}

,

two zeros in (0, 1), x′(0) > 0 : F+
2 =

{
(λ;µ) : 2

π√
λ

+
1√
µ

= 1
}

,

two zeros in (0, 1), x′(0) < 0 : F−2 =
{

(λ;µ) :
π√
λ

+ 2
1√
µ

= 1
}

.

and so on.
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The sample problem:

x′′ = −λ(x+)2α+1 + µ(x−)2β+1, x(0) = 0, x(1) = 0, (5)
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2 One parameter problems

The nonlinear one-parameter eigenvalue problem:

x′′ = −λx3, x(0) = 0, x(1) = 0. (6)

Looking for solutions without zeros in (0, 1):
for any λ > 0 there exists a positive valued in (0, 1) solution x(t). The
value max[0,1] x(t) := ‖x‖ and λ relate as

‖x‖ · λ = 2
√

2 ·
∫ 1

0

dx√
1− x4

.

Therefore F+
0 =

{(
λ, µ

)
: 0 < λ < +∞, µ ≥ 0

}
for the problem

(5).
In order to make the problem reasonable one should impose addi-

tional conditions. Let us require that

|x′(0)| = 1.
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3 Two-parameter problems

3.1 Problem

x′′ = −λf(x+) + µg(x−), x(0) = 0, x(1) = 0, |x′(0)| = 1. (7)

3.2 Assumptions

(A1) the first zero t1(α) of a solution to the Cauchy problem

u′′ = −f(u), u(0) = 0, u′(0) = α (8)

exists for any α > 0.
(A2) the first zero τ1(β) of a solution to the Cauchy problem

v′′ = g(−v), v(0) = 0, v′(0) = −β (9)

exists for any β > 0.
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3.3 Formulas for the nonlinear spectrum

In presence of the conditions (A1) and (A2) the first branches of
the spectrum are:

F+
0 =

{(
λ, µ

)
: λ is a solution of

1√
λ

t1

( 1√
λ

)
= 1, µ ≥ 0

}
,

F−0 =
{(

λ, µ
)

: λ ≥ 0, µ is a solution of
1√
µ

τ1

( 1√
µ

)
= 1

}
,

F+
1 =

{
(λ;µ) :

1√
λ

t1

( 1√
λ

)
+

1√
µ

τ1

( 1√
µ

)
= 1

}
,

F−1 =
{

(λ;µ) :
1√
µ

τ1

( 1√
µ

)
+

1√
λ

t1

( 1√
λ

)
= 1

}
,

F+
2 =

{
(λ;µ) : 2

1√
λ

t1

( 1√
λ

)
+

1√
µ

τ1

( 1√
µ

)
= 1

}
,

F−2i =
{

(λ;µ) :
1√
µ

τ1

( 1√
µ

)
+ 2

1√
λ

t1

( 1√
λ

)
= 1

}
.
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3.4 Samples of time maps

Let equation be

x′′ = −(r + 1)xr, r > 0. (10)

Then

t1

( 1√
λ

)
= 2A λ

r−1
2(r+1) , A =

∫ 1

0

1√
1− ξr+1

dξ, (11)

t1 is decreasing in λ for r ∈ (0, 1),
t1 is constant for r = 1,
t1 is increasing in λ for r > 1.

The function
u(λ) =

1√
λ

t1

( 1√
λ

)
= 2A λ−

1
r+1

is decreasing for r > 0.
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If f(x) is a piece-wise linear function like in the picture then exact
formulas are known for computation of t1
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Fig. 3. Function f(x).
Let t1(α) be the first positive zero of a solution of the IVP

x′′ = −f(x), x(0) = 0, x′(0) = α > 0. (12)

Denote F (x) =
∫ x

0
f(s) ds. Direct calculations show that

1. if 0 ≤ α ≤
√

2F (a1), then t1(α) = π
√

a1
b1

;
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2. if
√

2F (a1) ≤ α ≤
√

2F (a2), then

t1(α) = 2
√

a1

b1
arcsin

√
a1b1

α
+

+
√

a2 − a1

b1 − b2
ln

D2(α)
(
−2b1 + 2

√
b1−b2
a2−a1

√
α2 − a1b1

)2 ,

3. if α ≥
√

2F2(a2), then

t1(α) = 2
√

a1

b1
arcsin

√
a1b1

α
+

√
a3 − a2

b3 − b2

[
π − 2 arcsin

2b2√
D3(α)

]
+

+2
√

a2 − a1

b1 − b2
ln

∣∣∣∣∣∣
−b2 +

√
b1−b2
a2−a1

√
α2 − a1b1 − (a2 − a1)(b1 + b2)

−b1 +
√

b1−b2
a2−a1

√
α2 − a1b1

∣∣∣∣∣∣
,
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where

D2(α) = 4
b1 − b2

a1 − a2
α2 + 4b1

a1b2 − a2b1

a1 − a2
, D3(α) = 4

b2 − b3

a2 − a3
α2+

+ 4
−a2b1b2 + a1b

2
2 + a3b

2
2 + a2b1b3 − a1b2b3 + a2b2b3

a2 − a3
.

The first zero function is asymptotically linear:

lim
α→+∞

t1(α) =
√

a3 − a2

b3 − b2
π.
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4 Some properties of spectra

Let
u(λ) :=

1√
λ

t1

( 1√
λ

)
v(µ) :=

1√
µ

τ1

( 1√
µ

)
. (13)

Spectrum is a union of the roots of equations

u(λ) + v(µ) = 1, F±1
2u(λ) + v(µ) = 1, F+

2

u(λ) + 2v(µ) = 1, F−2
2u(λ) + 2v(µ) = 1, F±3
3u(λ) + 2v(µ) = 1, F+

4

2u(λ) + 3v(µ) = 1, F−4
. . .

(14)

The coefficients at u(λ) and v(µ) give the numbers of “positive” and
“negative” humps of the respective eigenfunctions.
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4.1 Monotone u(λ), v(µ)
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Fig. 4.The graphs of
u(λ), 2u(λ), 3u(λ).
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Fig. 5.The graphs of
v(µ), 2v(µ), 3v(µ).

Let λ1, λ2, λ3 be points of intersection of u(λ), 2u(λ), 3u(λ) (“red”
curves) and the horizontal line u = 1. Respectively µ1, µ2, µ3 for
“blue” curves.
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The branches F±1 coincide and look like hyperbola with the vertical
asymptote at λ = λ1 and horizontal asymptote at µ = µ1.

The branch F+
2 has the vertical asymptote at λ = λ2 and horizon-

tal asymptote at µ = µ1.

The branch F−2 has the vertical asymptote at λ = λ1 and horizon-
tal asymptote at µ = µ2. The branches F+

2 and F−2 need not to cross
at the bisectrix unless g ≡ f(−x).

The branches F±3 coincide and have the vertical asymptote at λ =
λ2 and horizontal asymptote at µ = µ2.

The branch F+
4 has the vertical asymptote at λ = λ3 and horizon-

tal asymptote at µ = µ2.

The branch F−4 has the vertical asymptote at λ = λ2 and horizon-
tal asymptote at µ = µ3. The branches F+

4 and F−4 need not to cross
at the bisectrix.
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4.2 Non-monotone u(λ), v(µ)

It is possible that the functions u(λ) = 1√
λ
t1

(
1√
λ

)
and v(µ) :=

1√
µτ1

(
1√
µ

)
are non-monotone.

Then spectra may differ essentially from those in the monotone
case.

Remark. Suppose that iu(λ) and iv(µ) are monotonically de-
creasing starting from some λF and µF, iu(λF) = 1, iv(µF) = 1,
where i is some positive integer. Then branches F±2i−1 and higher
(F±n , n > 2i− 1) behave like those in the monotone case.
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4.3 Nonmonotonicity over u,v=1

Consider equation x′′ = −λf(x) + µf(−x), where f(x) is a piece-
wise linear function depicted in Fig. 3., parameters of the piece-wise
linear function f(x) are

a1 = 0.1, a2 = 0.3, a3 = 0.31,

b1 = 9, b2 = 0.5, b3 = 150.
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Fig. 6. The graph of y = f(x).
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Fig. 7. The graphs of
y = γt1(γ) and y = 1.
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Fig. 8. The branch F+
0 in the (λ, µ)-plane.

The branch F+
0 consists of three vertical lines which corresponds

to three solutions of the equation 1√
λ
t1( 1√

λ
) = 1.
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Fig. 9.The branch F−0 in the (λ, µ)-plane.

The branch F−0 consists of horizontal lines which correspond to
solutions of the equation 1√

µτ1( 1√
µ ) = 1.
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Fig. 10.The branches F+
1 = F−1 in

the (λ, µ)-plane.Properties of the

branches F±1 depend on solutions of

the equation u(λ) + v(µ) = 1. A set of

solutions of this equation consists of

exactly three components due to

non-monotonicity of the functions

u(λ) and v(µ).Contents First Last J I Back Close Full Screen
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4.4 Nonmonotonicity beneath u,v=1

Consider equation x′′ = −λf(x) + µf(−x), where f(x) is a piece-
wise linear function depicted in Fig. 3., parameters of the piece-wise
linear function f(x) are

a1 = 0.1, a2 = 0.2, a3 = 0.22,

b1 = 0.2, b2 = 0.1, b3 = 120.
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Fig. 11.Funkcija t1(γ).
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Fig. 12.Funkcija
u(γ) = γt1(γ).
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Fig. 15.The branch F+
1 = F−1 Case max + min > 1.
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Fig. 16.

• Red F+
1 = F−1 , F+

3 = F−3 , F+
5 = F−5 , the branch F+

1 = F−1
consists of 2 components.

• Blue F+
2 , F+

4 , the branch F+
2 consists of 2 components.

• Green F−2 , F−4 , the branch F−2 consists of 2 components.Contents First Last J I Back Close Full Screen
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Fig. 17.u(λ)-red, v(µ)-blue.
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Fig. 18.The branch F+
1 .
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max + min = 1
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Fig. 19.u(λ)-red, v(µ)-blue.
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Fig. 20.The branch F+
1 .
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Fig. 21.u(λ)-red, v(µ)-blue.
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Fig. 22.The branch F+
1 .
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Fig. 23.u(λ)-red, v(µ)-blue.
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Fig. 24.The branch F+
1 .
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