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Find a solution of an FDE possessing the prescribed properties

In the case of an ODE, the Cauchy problem is the most natural choice. For
FDE studied insufficiently even in the case of a scalar first order linear
equation
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Issues

o The operator of translation along the trajectories is undefined
@ The notion of a local solution does not make sense

@ The tools of the ODE theory do not work (e. g., the classical existence
and uniqueness theorems)

@ The non-local character of an equation complicates the application of
approximate methods
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The “initial functions” and “continuous junction”
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Formulation

Formulation involving initial functions
Find a u : [a,b] — R such that

' (1) = r()u(n(®) +8@t), 1€ lab], ()
M(S) = 1/}(5) for s ¢ [avb]v 2

where 7 : [a,b] — R, n: [a,b] = R, g:[a,b] > Rand ) : R\ [a,b] — R
are given functions.
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Formulation involving initial functions
Find a u : [a,b] — R such that
W (1) = r(@) u(n(r)) +8(1), 1€ [a,b], e
M(S) = 1/’(5) fors ¢ [aab]v )

where r: [a,b] - R,n:[a,b] > R, g:[a,b] > Rand ¢ : R\ [a,b] — R
are given functions.

Modern formulation («~ Perm Seminar on FDE; 1980s)

( ) = h(t)u(w(1)) +q(t), t€la,bl, 3)
where (1) := x, (0)7(2), w(?) :== n()xn (1) +a (1 — xn(2)),
g(1) if n(t) € [a, D],
8(1) P(n(1) ifn(?) & la,b],
and (1) = 1i(1) € a,B], xo1) = O m(t) & [, B




Formulation

Formulation involving initial functions
Finda u : [a,b] — R such that

u'(t) = r(t)u(n(r)) + (1), 1€ la,bl, (1)
u(s) =1(s) fors ¢ [a,b], 2)

where 7 : [a,b] — R, n: [a,b] = R, g: [a,b] — Rand ) : R\ [a,b] — R
are given functions.

Modern formulation («~ Perm Seminar on FDE; 1980s)
The “tailless” form of (1), (2)
W' (1) = h(t)u(w(t)) + q(t), t€ [a,bl, (3)

where w : [a,b] — [a, b] is measurable and g € L, ([a, b], R).




A scalar differential equation with an argument deviation
Find an absolutely continuous u : [a, b] — R such that
W' (1) = h(t) u(w(r) +4(1), 1€ [a,b], )

where w : [a,b] — [a, b] is measurable and g € L ([a, b], R).

o For the new equation (4) to make sense, it suffices to assume the
integrability of r and g, the measurability of 7 in (1), and the continuity
of 1 in (2).
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@ The function w in (3) transforms [a, b] into itself, and thus the
additional conditions of type (2) are redundant.




A scalar differential equation with an argument deviation
Find an absolutely continuous u : [a, b] — R such that
W' (1) = h(t) u(w(r) +4(1), 1€ [a,b], )

where w : [a,b] — [a, b] is measurable and g € L ([a, b], R).

o For the new equation (4) to make sense, it suffices to assume the
integrability of r and g, the measurability of 7 in (1), and the continuity
of 1 in (2).

@ The function w in (3) transforms [a, b] into itself, and thus the
additional conditions of type (2) are redundant.

@ The Cauchy problem for Eq. (3) is posed at a single point T € [a, b]:

u(t) = c.
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@ Method of steps applies to the Volterra type equations only




Initial value problem for FDE

Complications

@ Method of steps applies to the Volterra type equations only
o Few sharp and efficient solvability conditions are known




Initial value problem for FDE

Complications

@ Method of steps applies to the Volterra type equations only
o Few sharp and efficient solvability conditions are known

o The majority of the results available concerns first order scalar
equations




The Cauchy problem for a system of  linear first order FDEs with n”
argument transformations

Find absolutely continuous u; : [a,b] — R, k =1,2,...,n, such that

u,’c(t) = Zrkj(t) uj(wkj(t)) + qk(l‘), e [a,b], k=1,2,....n, (5
=1
u (1) = cx, k=1,2,...,n, 6)

where ry; : [a,b] — R, k,j=1,2,...,n,and g : [a,b] — R,
k=1,2,...,n, are Lebesgue integrable functions, and wy;, k,j = 1,2,...,n,
are arbitrary measurable functions mapping [a, b] into itself.
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The Cauchy problem for a system of  linear first order FDEs with »”
argument transformations

Find absolutely continuous uy : [a,b] — R,k = 1,2,...,n, such that

u(t) = Zrkj(t) ui(wy(t)) + q(t), te€lab], k=1,2,....n, (5
j=1
u (1) = e, k=1,2,...,n, 6)
where ry; : [a,b] — R, k,j=1,2,...,n,and g : [a,b] — R,

k=1,2,...,n, are Lebesgue integrable functions, and wy;, k,j = 1,2, ... ,n,
are arbitrary measurable functions mapping [a, b| into itself.

v

The terms g, k = 1,2, ..., n, contain everything that does not explicitly
concern the operator of the equation (in particular, the initial functions).
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Important difference from the ODE theory

| 5\

Without additional assumptions, the Cauchy problem (5), (6) may not have
a unique solution even in the class of scalar linear equations with constant
coefficients.
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The coefficient (b — a)~! in (7) becomes arbitrarily small when the length of
the interval increases to oco.
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The coefficient (b — a)~! in (7) becomes arbitrarily small when the length of
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equation u’ = g with g € Ly, oc([a, +0))?




The simplest scalar equation

)= 20 ), retan) )

where ¢ : [a,b] — R is such that

b
[ atras £o.
has no solutions u satisfying the condition

u(a) = 0. (8)

v

The coefficient (b — a)~! in (7) becomes arbitrarily small when the length of
the interval increases to oco.

“Passing to the limit” leads one to the uniquely solvable problem (8) for the
equation u’ = g with g € Ly.jc([a, +00))? No “passing to the limit” is
possible.




Theorem 1 (A. R., 2005)

Let there exist some constants {y; | k=1,2,...,n} C (0,+00) and
a € [1,+00) for which at least one of the following conditions be satisfied.:

max vrai max 7 w, -7 < o 9
k=1.2,...n1€[a,p]\{T} |t O‘ vt —7® T Zﬁm k/ M J (#) =l O

sign (¢

max sup ZPYJ_/ |ri(s)| lwii(s) — 7]%ds < 1. (10)

k=12,..n e fa b\ {r} Ve |t — T|

Then the initial value problem (5), (6) is uniquely solvable for arbitrary
constants {c; | k =1,2,...,n} C R and integrable functions
qr: la,b] = R k=1,2,...,n




Theorem 1 (A. R., 2005)

Let there exist some constants {y | k=1,2,...,n} C (0,400) and
a € [1,+00) for which at least one of the following conditions be satisfied.:

max vrai max 7 w, -7 < o 9
k=1.2,...n1€[a,p]\{T} |t O‘ vt —7® T Zﬁm k/ M J (#) =l O

sign (¢

max sup Z’yj/ |ri(s)| lwii(s) — 7]%ds < 1. (10)

k=12,....n el b\ {+} Vk |f - T|

Then the initial value problem (5), (6) is uniquely solvable for arbitrary
constants {c; | k =1,2,...,n} C R and integrable functions
qr: la,b] = R k=1,2,...,n




Theorem 1 (A. R., 2005)

Let there exist some constants {y; | k=1,2,...,n} C (0,+00) and
a € [1,+00) for which at least one of the following conditions be satisfied.:

max vrai max 7 w, -7 < «@ 9
k=1.2,...n1€[a,p]\{T} |t O‘ vt —7® T Zﬁm k/ M J (#) =l O

sign (¢

max sup ZPYJ_/ |ri(s)| lwii(s) — 7|%ds < 1. (10)

k=12,..n e fa b\ {r} Ve |t — T|

Then the initial value problem (5), (6) is uniquely solvable for arbitrary
constants {c; | k =1,2,...,n} C R and integrable functions
qr: la,b] = R k=1,2,...,n




Optimality of conditions of the theorem

None of the non-strict inequalities assumed in Theorem 1 cannot be replaced
by the corresponding non-strict inequality because after such a replacement
the corresponding assertions are lost. For example, the condition

max vrai max r w —7|% < a, 11
B e S Ol < <

which is a weakened version of condition (9), does not guarantee the unique
solvability of problem (5), (6) for arbitrary forcing terms.
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Optimality of conditions of the theorem

None of the non-strict inequalities assumed in Theorem 1 cannot be replaced
by the corresponding non-strict inequality because after such a replacement
the corresponding assertions are lost. For example, the condition

max vrai max — v [ (O] lwii(8) = 71* < o, (A1)
k= l’ll€[ab]\{‘r}/yk|t_ IZ j 17 (0)] i (7) |

which is a weakened version of condition (9), does not guarantee the unique
solvability of problem (5), (6) for arbitrary forcing terms.

The theorem quoted is not an exceptional case:

The conditions obtained in this way, as a rule, are optimal. J




Theorem 2 (A. R., 2005)

Let there exist some constants {y | k=1,2,...,n} C (0,+00) and
a € [1,4+00) such that

n
. 7]
yrai max 3> — 1Ol Zw
Elab\7h = z—T|

wu (1)
[ ol - rioas <o

forallk = 1,2, ... n. Then the initial value problem

n

w (1) =Y rig(t) wiwi (1)) + qi(t), 1 € [a, b, (12)
=1
u (1) = cx, k=1,2,...,n, (13)

is uniquely solvable for arbitrary {c; | k = 1,2,...,n} C R and
{gr, k=1,2,...,n} C Li([a,b],R).




Theorem 2 (A. R., 2005)

Let there exist some constants {7y | k=1,2,...

a € [1,+00) such that

n
|7 ()
vrai max
r€lap]\{7} < 17k\t—7'|a ‘Z

Wkl

,n} C (0, +00) and

forallk = 1,2, ..., n. Then the initial value problem

Zrkj ) uj(wy (1)) + gk (1),
uk(T):ck, k=1,2,...

is uniquely solvable for arbitrary {c; | k =1,2,...,

{gr,k=1,2,...,n} C Li([a,b],R).

t € [a,b],

’n’

n} C Rand

|r1] s)||wyi(s) — 7|%ds| < a.

12)

13)

The strict inequality in the condition is essential:




Theorem

vrai max
t€la,b]\{7} = ‘[ _

forallk=1,2,... n
Then the initial value problem




Positivity

Monotone dependence of a solution on perturbations

Under additional conditions, one can claim not only the unique solvability of

problem
w(8) = > rig(0) w(wyi (1) + qe(t), ¢ € [a, ], (16)
j=1
u (1) = e, k=1,2,...,n, (17)

but also a kind of the monotone dependence of its solution on ¢,
k=1,2,...,n,and ¢, k=1,2,...,n.
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Monotone dependence of a solution on perturbations

Under additional conditions, one can claim not only the unique solvability of
problem

(1) =Y rg(0) wi(wy (1) + qu(t), 1 € [a,B], (16)
u (1) = cx, k=1,2,...,n, (17)

but also a kind of the monotone dependence of its solution on ¢,
k=1,2,....n,and ¢, k =1,2,...,n.

In other words:

@ Existence of Green’s operator for (16), (17)

@ Positivity of Green’s operator




Positivity

Theorem 3 (A. R., 2005)

Let vrai min,c[, ) 4(t) sign (t — 7) > 0 for all k,j. Moreover, let there exist
€ [1,400) and {v | k=1,2,...,n} C (0,+00) such that, for every
k=1,2,...,n, at least one of the following conditions is satisfied:

51gn (t—1) o
vrai max ——— ~irgi (1) |wii(2) — 7|* < «, (18)
r€lab\{7} |t — Z (1) g |

Zyj/ ri(s) lwii(s) — 7]%ds < 1. (19)

le[u b]\{T} Vi |f — o

Then the Cauchy problem (5), (6) has a unique solution for all
{(cr,qr) | k=1,2,...,n} C R x Li([a,b],R). If, moreover,

12
min]/ qr(s)ds > —cy (20)

t€la,b

for all k, then the solution u = (uy)}_, of problem (5), (6) is non-negative.

v
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Positivity

The conditions assumed in Theorem 3 are optimal and cannot be weakened.
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Positivity

The conditions assumed in Theorem 3 are optimal and cannot be weakened.

A counterexample: the scalar linear equation

t— a—1
W (1) = 0‘||9T||a sign (1 — T)u(0), 1€ [a,b], @1
-7
where 0 € [a,b] \ {7} and « € [1, +00).
@ The weakened versions of the conditions are satisfied

@ The Cauchy problem
u(t) =0

for Eq. (21) has the family of solutions

u(t) =Alt—7*,  t€lab],

where A € R is arbitrary.
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An integral functional equation

The methods developed also allow one to study other problems )
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An integral functional equation

The methods developed also allow one to study other problems )

Another application

Unique solvability conditions for the equation

x(f) = /O h(t, ) x(w(s)) ds + q(t), 1€ [0, 1], 22)

where ¢ € C([0, 1

1], R), A(t,-) € Li(]0,1],R) forall ¢ € [0, 1
h(-,s) € C([0,1], [

} ]’
R) fora.e. s € [0,1], and w : [0, 1] — [0, 1] is measurable.

4




Application

X(t) = /0 h(t, ) x(w(s)) ds + q(), 1€ [0,1], 23)

where ¢ € C([0, 1], R), w is measurable, A(t,-) € L;([0, 1], R) for all
t € [0,1], and A(-, s) € C([0,1],R) fora. e. s € [0, 1].

|
C

Theorem 4 (A. R., 2005)

Let there exist some constants T € [0, 1] and v > 0 such that

|
i may / w(s) = 7 (o), 5)lds <1, 24)

vrai max / |h(w(7),s)|ds < +o0. (25)
t€[0,1]\w="(7) |w —T|7

In the case where mésw ™! (7) > 0, assume also that
h(1,s) =0 fora.e s€|0,1] (26)

Then Eq. (23) has a unique solution for all g € C(|0, 1], R).




Application
Power argument transformation

1
)= [ hes) (s ds +q(0). re 0.1] @)

where « € (0, +0), ¢ € C([0, 1], R).

|

Corollary 5

Let the following conditions be satisfied for some T € [0, 1] and
€ [0, +00):

/ 1% — [ |A(t, 5)|ds < 1, 28)

sup
r€[0,1\ {7} |f— T|V

sup / |h(z, s)| ds < +o0. (29)
e \{r} |t — T|7

Then Eq. (27) has a unique solution for an arbitrary q € C([0, 1], R).




Application
Power argument transformation

1
)= [ hes) (s ds +q(0). re 0.1] @)

where « € (0, +0), ¢ € C([0, 1], R).

Corollary 6

Equation (27) is uniquely solvable for arbitrary continuous q provided that
there exists some T € [0, 1] for which

h(t,s)

V=1

a+1

. (0)
2arits —(a+1)7+1

vrai max  sup
s€0.1]  4e[0,1]\{7}




Application
Power argument transformation

Corollary 6

Equation (27) is uniquely solvable for arbitrary continuous q provided that
there exists some T € [0, 1] for which

h(t,s)

V=1

a+1

vrai max  sup ; .
2arts —(a+1)7+1

s€[0,1] 10,1\ {7}

(30)

The conditions indicated cannot be weakened. A counterexample:

1) |r— !
- lJ(rOi+ ) ‘ T| / )C(Sa)ds, te [07 Hv
2ar'ta —7(a+1)+1Jo

where o € (0, 400) and 7 € [0, 1] are certain constants.

x(1)




Differential inequalities

A theorem on differential inequalities

u (1) = (L) (1) + q(2), t€labl, k=1,2,....n
u (1) = cx, k=1,2,...,n,
where n € N, Iy : C ([a,b],R") — Ly ([a,b],R), k= 1,2,...,n, are

bounded linear operators, —oo < a <7 < b < +o00, ¢, k=1,2,... ,nare
constants, and g : [a,b] — R,k = 1,2,...,n are Lebesgue integrable.




Differential inequalities

A theorem on differential inequalities

u (1) = (L) (1) + qi(2), t€la,bl, k=1,2,....n;
u (1) = e, k=1,2,...,n,
where n € N, I : C ([a,b],R") — L; ([a,b],R),k=1,2,...,n, are

bounded linear operators, —oco < a <7 < b < 400, ¢, k=1,2,...,nare
constants, and gy : [a,b] — R, k = 1,2, ... n are Lebesgue integrable.

A solution is an absolutely continuous function u = (u)}_, : [a,b] — R"
with property (6) which satisfies equations (5) almost everywhere on [a, b].




Differential inequalities

A theorem on differential inequalities

u (1) = (L) (1) + q(2), t€labl, k=1,2,....n
u (1) = cx, k=1,2,...,n,
where n € N, Iy : C ([a,b],R") — Ly ([a,b],R), k= 1,2,...,n, are

bounded linear operators, —oo < a <7 < b < +o00, ¢, k=1,2,... ,nare
constants, and g : [a,b] — R,k = 1,2,...,n are Lebesgue integrable.

Definition 7
We say that p : C([a,b],R") — L;([a, b],R) is T-positive if

vrai min(pu)(t) sign (t —7) >0
t€a,b]

for any u = (uy)}_, with non-negative components.




u (1) = (L) (1) + qu (), t€lab], k=1,2,...,n 3D
u (1) = cx, k=1,2,...,n (32)
Theorem 8 (A. R., 2003)

Let I : C([a,b],R") — L([a,b],R), k =1,2,...,n be T-positive. Let there
exists an absolutely continuous 'y = (yx)i_, : [a,b] — R”

() =0, k=1,2,...,n, (33)
yi(t) >0, t€la,b)\{r}, k=1,2,...,n, (34)

and a o € (1,+00) such that

min  vrai min (y;(¢) — o (ly)(¢)) sign (t — 7) > 0. (35)
k=1.2,....,n t€[a,b]
Then (31), (32) is uniquely solvable for any forcing terms. If, in addition,

t
min - min_ [ ge(s)ds > —cy,
k=12,...n1€fab] J,

then its solution is non-negative.




Thank you
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