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div(|Vul|P=2Vu) = f(t,u,u’)

¢ non-Newtonian fluid theory, diffusion of flows in a porous
medium, image processing
e div(|Vu[P~2Vu) — n-dimensional p-Laplacian
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(W' [P=2') = f(t,0,0)

¢ radially symmetric solutions of equations with
multi-dimensional p-Laplacian, turbulent flow of a gas in a
porous medium

o u— (Ju/|P72u/), p > 1 — one-dimensional p-Laplacian




div(|Vul|P=2Vu) = f(t,u,u’)

¢ non-Newtonian fluid theory, diffusion of flows in a porous
medium, image processing
e div(|Vu|P~2Vu) — n-dimensional p-Laplacian
p-Laplacian
(W'P=20") = f(t,v,0)
¢ radially symmetric solutions of equations with
multi-dimensional p-Laplacian, turbulent flow of a gas in a
porous medium
o u— (Ju/|P72u/), p > 1 — one-dimensional p-Laplacian
¢-Laplacian

u— (¢(u'))

e ¢:R — Ris an increasing homeomorphism, ¢(R) = R




e 7T>0,[0,T|CR,A,BER
e ¢: R — Ris an increasing homeomorphism, ¢(R) = R
e f:[0,T]xR?—=R

Definition
The function f satisfies the Carathéodory conditions on the set
[0, T] x R? if
e f(-,z,y) : [0,T] — R is measurable for all (z,y) € R?,
e f(t,-,+) : R? — Ris continuous for a.e. t € [0, 7],

e for each compact set K C R? there is a function my € L1[0, 7]
such that | f (¢, z,y)| < mg/(t) fora.e. ¢t € [0,T] and all
(z,y) € K.




Boundary value problem

(P(u) = f(t,u,u), (Ea)
W' (0) = A, /(T)=B. (NC)




Definition

Functions o1, 05 : [0,T] — R are respectively lower and upper
functions of problem (Eq), (NC) if ¢(c}) € AC[0,T] fori € {1, 2}
and

(@(01(1)) = f(t,01(1),01(1)),  (S(o3(1))) < f(t 02(t), 05(1)),
fora.e.t € [0,T], fora.e.t € [0,T],
01(0) > A,01(T) < B, 05(0) < A,05(T) > B.




Definition (solution of (Eq), (NC))

A function u : [0,T] — R with ¢(u’) € AC[0, T is called
a solution of problem (Eq), (NC) if u satisfies

(' (1))) = f(t,u(t), v (t))
fora.e. ¢t € [0, T] and fulfils (NC).




Theorem

Let o1, o2 be respectively lower and upper functions of (Eq),
(NC) and let oy < o5 0n [0,T]. Let there is fy € L1]0,T] such
that |f(t,z,y)| < fo(t) fora.e. t € [0,T] and for all

(z,y) € [01(t),02(t)] x R. Then problem (Eq), (NC) has a
solution w € C*|0, T) with ¢(u') € AC[0, T) such that

o1 <u<oy0n|0,T].

Proof:

e application of the Schauder fixed point to a modified
problem




Theorem

Let o1, o2 be respectively lower and upper functions of (Eq),
(NC) and let o1 < 05 0n [0,T]. Let there exist functions
¢1,2 € C[0,T] such that ¢(¢1), #(p2) € AC[0,T] and

901(0) S Aasal(T) S B7 902(0) Z AaSDZ(T) Z Ba
(pl(t) < U;(t) < SDZ(t) on [OvTL 1=1,2.

Furthermore, let ¢, @5 satisfy inequalities
fltsz,01(t) < (B(er1 (1)), [t 2, 02(t) 2 (¢(pa(t)))

fora.e. t € [0,T] and for all x € [01(t), 02(t)]. Then the problem
(Eq), (NC) has a solution u € C*[0, T] such that

o1 <u<oy, @ <u <o on [0, T). (%)




(¢(ul))/ = f(t7 u, ul)v (Ea)
W' (0)=A, «(T)=B8B (NC)

f(tau7302)+vv_;_fi_1a v > P2,
F1(t,U,'U)= f(t,u,v), 901§U§§027
f(tﬂu’¢1)+%7 v < p1

auxiliary problem

(¢(2")) = Fi(t,z,2),
2(0)=A, 2(T)=B

solution « of auxiliary problem satisfies the inequality
o1 <u<oy0n|0,7]
it can be proved that

@1 <u' < pyon0,T]




Example
{(|x’|p_2x’), = (2% —signa’) -t + 29 +t" — 1,

z'(0)=1, 2'(1)=-1,
k,q € Nareodd, p > 2, r > 0.
Functions

o1(t) = —t2 +t—2p, oo(t) =t +t+2
are respectively lower and upper functions of the prolblem. For
some C > (225q+1> “+2and D> (@?#)m +1, for
t € [0,1], let us define

<p1(t):t—C’, (pz(t):—t—l-D.

Then the right-hand side of the equation satisfies the
conditions of the previous theorem and therefore it follows the
existence of the solutions satisfying inequalities ().




Lemma

Let o1, o2 be respectively lower and upper functions of (Eq),
(NC) and let o1 < o5 on [0, T]. Let there exist a continuous
function w : [0, 00) — (0, 00) such that

¢(_1) dS o] dS
/_°° (oG O Jew el iGN T ()

and let k € L1[0, T be nonnegative a.e. on [0, T]. Then there
exists u. > 0 such that for each function u € C*|0, T fulfiling
(NC) and inequalities

or<u<oy on|0,T],
(3 (1)) < w(|u'(t)])(k(t) + [/ (t)]) fora.e. te[0,T],

the following estimate holds

|/ (t)] < p. forallte[0,T].




|u'(0)] <1+ max{|A|,[B|} = co
' (T)] < 1+ max{|A,|Bl} = co

7= llo1lleo + lo2llcos 3 115 pe € (c0,00), p1 <

B(p1) ds
| ey > Wl
oty 51D |

¢(—co) ds
/ L B ) ¥
sy @613 ’

these inequalities and the other asssumptions in theorem
imply that
w(t) <p VteloT]

similarly it can be proved

uw'(t) > —p Vit €07




Theorem

Let o1, o2 be respectively lower and upper functions of the
problem (Eq), (NC) and let o1 < o5 0n [0, T]. Let a continuous
function w : [0, 00) — (0, 00) satisfy (xx), k € L1[0,T] be
nonnegative a.e. on [0,T] and

ft 2, y) < w(ly) k() + [yl)
fora.e. t € [0,T] and every (z,y) € [o1(t),02(¢)] x R.

Then the problem (Eq), (NC) has a solution u such that
o1 <u<oy0n [O,T]




= llo1lleo + lloalloc + max{p; [0 oo, llo2lloc}
1 if 0<s<r*
x(s,7*)=4¢ 2% if rr<s<2r*
0 if s>2r*

Fy(t,z,y) = x(|z| + |y|,7*) - f(t,z,y) has a Lebesgue
integrable majorant

auxiliary problem

(6(2'(1)) = Fa(t, @,2"),  (NC)

has a solution u, o1 < u < o9 0n[0,T]

(¢(u'(1)))" = Fa(t, u(t), w'(t)) < w(lo/(t)]) (k) + [u'(£)])
fora.et e [0,T)
= WOl <p VEEDT] = flufo+[[u/oo < 77
= Fy(t,u,u') = f(t,u,u’) fora.e. t € [0,T].




Example

(l=2-) = Z (@ LA A
2(0)=1, 2/(1)=
p,meN-odd,p>1

7

Functions o1(t) = —t> +t — C, o03(t) = —t>+t+ D witha
large positive C, D € R are respectively lower and upper
functions of the problem. We have

¢~L(z) = |27 7 signa, w(s)=1+ 1,
o ds _ -1 ds _
I smten = Jow aretiam =
L op1 1 m P
= %(y - ) +z7+y
1 _ _
< %(Iyl” YD)+ (05 () + luD(ylP T+ 1) <

<(1+ Iyl”_l)(% +o3'(t) + lyl) = w(lyD (k) + [y]).




e The ¢-Laplacian generalizes certain operators from
applications, in particular the p-Laplacian operator.

e The sufficient conditions of solvability of Neumann
boundary value problem with ¢-Laplacian were presented.

Thank You For Your Attention.
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