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X , Y – Hilbert spaces, L ∈ L(X ;Y), ker L 6= {0}, M ∈ Cl(X ;Y), B ∈ L(U ;Y).

N (x(0) − x0) = 0, (1)

Lẋ(t) = Mx(t) + y(t) + Bu(t), (2)

u ∈ U∂, (3)

J(x, u) =
1

2
‖x − w‖2

H1(0,T ;X )
+

K

2
‖u − u0‖

2
Hr(0,T ;U) → inf, (4)

where r ∈ {0, 1, 2, . . . }, x0 ∈ X , U∂ ⊂ Hr(0, T ;U),

ρL(M ) = {µ ∈ C : (µL − M )−1 ∈ L(X ;Y)}

RL
(µ,p)

(M ) =
∏p

k=0 (µkL − M )−1L, LL
(µ,p)

(M ) =
∏p

k=0 L(µkL − M )−1



Operator M is strongly (L, p)-radial, if

(i) ∃a ∈ R (a, +∞) ⊂ ρL(M );

(ii) ∃K > 0 ∀µk ∈ (a, +∞), k = 0, p, ∀n ∈ N

max{‖(RL
(µ,p)(M ))n‖L(X ), ‖(L

L
(µ,p)(M ))n‖L(Y)} ≤

K
p
∏

k=0
(µk − a)n

;

(iii) there exists a dense subspace
◦
Y in Y such that

‖M (λL − M )−1LL
(µ,p)(M )y‖Y ≤

const(y)

(λ − a)
p
∏

k=0
(µk − a)

∀y ∈
◦
Y

for all λ, µ0, µ1..., µp ∈ (a, +∞);

(iv) for all λ, µ0, µ1, ..., µp ∈ (a, +∞)

‖RL
(µ,p)(M )(λL − M )−1‖L(Y ;X ) ≤

K

(λ − a)
p
∏

k=0
(µk − a)

.



X 0 = kerRL
(µ,p)(M ), Y0 = ker LL

(µ,p)(M ),

X 1 = imRL
(µ,p)

(M ), Y1 = imLL
(µ,p)

(M )

Lk = L

∣

∣

∣

∣

X k
, domMk = X k ∩ domM, Mk = M

∣

∣

∣

∣

domMk

Theorem 1. Let operator M be strongly (L, p)-radial. Then

(i) X = X 0 ⊕X 1, Y = Y0 ⊕ Y1;

(ii) Lk ∈ L(X k;Yk), Mk ∈ Cl(X k;Yk), k = 0, 1;

(iii) there exists operators M−1
0 ∈ L(Y0;X 0) и L−1

1 ∈ L(Y1;X 1);

(iv) operator G = M−1
0 L0 ∈ L(X 0) is nilpotent of the power ≤ p ;

(v) there exists strongly continuous semigroup {Xt ∈ L(X ) : t ≥ 0} of the

equation Lẋ(t) = Mx(t);

(vi) operator S = L−1
1 M1 ∈ Cl(X 1) generates C0-continuous semigroup

{Xt
1 = Xt

∣

∣

∣

∣

X 1
∈ L(X 1) : t ∈ R+}.



x(0) = x0, (5)

Lẋ(t) = Mx(t) + y(t) (6)

Function x ∈ W 1
q (0, T ;X ) is called strong solution of the problem (5), (6) if

it satisfies the condition lim
t→0+

‖x(t) − x0‖X = 0 and satisfies the equations (6)

almost everywhere on (0, T ).

Theorem 2. Let operator M be strongly (L, p)-radial. Then for all y ∈ Hp+1(Y),

x0 ∈ My =







x ∈ domM : (I − P )x = −

p
∑

k=0

GkM−1
0 (I − Q)y(k)(0)







the problem (5), (6) has a unique strong solution of the form

x(t) = −

p
∑

q=0

GqM−1
0 (I − Q)y(q)(t) +

t
∫

0

Xt−sL−1
1 Qy(s)ds + Xtx0,

where Q is projector along Y0 on Y1.



Px(0) = Px0, (7)

Function x ∈ W 1
q (0, T ;X ) is called strong solution of the problem (6), (7) if it

satisfies the condition lim
t→0+

‖Px(t) − Px0‖X = 0 and satisfies the equations (6)

almost everywhere on (0, T ).

Theorem 3. Let operator M be strongly (L, p)-radial. Then for all y ∈ Hp+1(0, T ;Y)

and x0 ∈ domM1+̇X 0 the problem (6), (7) has a unique strong solution of the same

form as in the theorem 2.



Consider the control problem (3), (4) for the system

x(0) = x0, Lẋ(t) = Mx(t) + y(t) + Bu(t). (8)

Zr = {z ∈ H1(0, T ;X ) : Lż − Mz ∈ Hr(0, T ;Y)},

где r ∈ {0, 1, . . . , p + 1}.

The set W of pairs (x, u) ∈ Zr × Hr(0, T ;U) is called the set of addmissible

pairs of the problem (3), (4), (8), if pairs (x, u) satisfies the conditions (3), (8).

A solution of the problem (3), (4), (8) is a pair (x̂, û) ∈ W such that

J(x̂, û) = inf
(x,u)∈W

J(x, u).

A functional J(x, u) is called coercive, if for all R > 0 the set {(x, u) ∈ W :

J(x, u) ≤ R} is bounded in the space Zr × Hr(0, T ;U).



Denote for x0 ∈ domM , y ∈ Hp+1(0, T ;Y) the set of control functions u ∈

Hp+1(0, T ;U) satisfying the condition

(I − P )x0 = −

p+1
∑

k=0

GkM−1
0 (I − Q)(Bu(k)(0) + y(k)(0))

by H∂(x0, y). Following result is obtained.

Theorem 4. Let M be strongly (L, p)-radial, U∂ ∩ H∂(x0, y) 6= ∅. Then there

exists a unique solution (x̂, û) ∈ Zr × Hr(0, T ;U) of the problem (3), (4), (8).

For the control problem (3), (4) with general Showalter condition

Px(0) = Px0, Lẋ(t) = Mx(t) + y(t) + Bu(t) (9)

Theorem 5. Let the condition U∂ ∩ Hp+1(0, T ;U) 6= ∅ is satisfied. Then the

control problem (3), (4), (9) has a unique solution (x̂, û) ∈ Zr × Hr(0, T ;U).



w(x, 0) = w0(x), x ∈ Ω, (10)

w(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ), (11)

wt(x, t) = ν∆w(x, t) − q(x, t) + y(x, t), (x, t) ∈ Ω × (0, T ), (12)

∇ · w = 0, (x, t) ∈ Ω × (0, T ). (13)

Here Ω ⊂ R
n is a bounded region with boundary ∂Ω of the class C∞. Here

constant ν is positive and q = ∇p is gradient of pressure. w(x, t) and q(x, t) are

unknown vector-functions.

H
2 = (H2(Ω))n,

◦

H
1= (

◦

H1 (Ω))n, L2 = (L2(Ω))n, L = {w ∈ (C∞
0 (Ω))n :

∇·w = 0}. Closure of subspace L in the sense of the norm of the space L2 denote

as Hσ. L2 = Hσ ⊕ Hπ, where Hπ is orthogonal compliment to Hσ. Denote by

Π : L2 → Hπ corresponding orthoprojector. Π1 :
◦

H
1∩H

2 →
◦

H
1∩H

2. Σ = I − Π.
◦

H
1∩H

2 = H
2
σ ⊕ H

2
π, where H

2
σ = ker Π1, H

2
π = imΠ1.



A = diag{∆, . . . , ∆}, A : domA → L2, domA = H2. Besides, Aσ = A

∣

∣

∣

∣

H2
σ

,

Aπ = A

∣

∣

∣

∣

H2
π

. Aσ : H
2
σ → Hσ, Aπ : H

2
π → Hπ.

Function z ∈
◦

H
1∩H

2 satisfies the condition (13) if and only if z ∈ H
2
σ or, in

other words, Π1z = 0.

Π1w(x, t) = yq(x, t), (x, t) ∈ Ω × (0, T ). (14)

X = Y = Hσ × Hπ × H
2
q; H

2
q = H

2
π;

L =









1 0 0

0 1 0

0 0 0









, M =









νAσ 0 0

0 νAπ −1

0 −1 0









,

L : X → Y , ker L = {0} × {0} × H
2
q, imL = Hσ × Hπ × {0}, M : X → Y has

a domain domM = H
2
σ × H

2
π × H

2
q.

Theorem 6. Operator M is strongly (L, 1)-radial.



Replace the initial condition (10) by the condition

Σw(x, 0) = w0(x), x ∈ Ω (15)

and get the general Showalter problem. For any fixed t ∈ (0, T ) denote Σy(x, t) =

yσ(x, t), Πy(x, t) = yπ(x, t).

Theorem 7. For any w0 ∈ H
2
σ and y ∈ H1(L2), yq ∈ H2(H2

q) there exists a

unique strong solution of the problem (11), (12), (14), (15), that has the form

wσ(x, t) =

∞
∑

k=1

eλkt〈w0, ϕk〉ϕk(x) +

t
∫

0

∞
∑

k=1

eλk(t−s)〈yσ(ξ, s), ϕk(ξ)〉ϕk(x)ds,

wπ(x, t) = yq(x, t),

q(x, t) = yπ(x, t) + νAyq(x, t) −
∂yq(x, t)

∂t
.



Σw(x, 0) = w0(x), x ∈ Ω, (16)

w(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ), (17)

wt(x, t) = ν∆w(x, t) − q(x, t) + u(x, t), (x, t) ∈ Ω × (0, T ), (18)

Π1w = uq(x, t), (x, t) ∈ Ω × (0, T ), (19)

(u, uq) ∈ U∂, (20)

J(w, q, u) =
1

2
‖w − v0‖

2
H1(0,T ;L2)

+
1

2
‖q − q0‖

2
H1(0,T ;H2)

+

N

2
‖u − u0‖

2
Hr(0,T ;L2)

+
K

2
‖uq − u1‖

2
Hr(0,T ;H2)

→ inf, (21)

where v0 ∈ H1(0, T ; L2), q0 ∈ H1(0, T ; H2
q), u0 ∈ Hr(0, T ; L2), u1 ∈ Hr(0, T ; H2

q),

U∂ ⊂ Hr(0, T ; L2) × Hr(0, T ; H2
q).

Zr = {(z, k) ∈ H1(0, T ; L2) × H1(0, T ; H2
q) :

zt − ν∆z + k ∈ Hr(L2), Π1z ∈ Hr(0, T ; H2
q)}.

Theorem 8. Let U∂ ∩H2(0, T ; L2)×H2(0, T ; H2
q) 6= ∅. Then the problem (16)

–(21) has a unique solution (ŵ, q̂, û, ûq) ∈ Zr × Hr(0, T ; L2) × H2(0, T ; H2
q).



Dzektser equation

Let Ω ⊂ R
s is a bounded domain ∂Ω of the class C∞, λ, α ∈ R, β ∈ R+.

Consider the optimal control problem

v(x, 0) = v0(x), x ∈ Ω, (22)

∂

∂n
v(x, t) =

∂

∂n
∆v(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ), (23)

(λ − ∆)vt(x, t) = α∆v(x, t) − β∆2v(x, t) + u(x, t), (24)

(x, t) ∈ Ω × (0, T ), (25)

u(x, t) ∈ U∂, (26)

J(v, u) =
1

2
‖v − w‖2

H1(0,T ;H2(Ω))
+

N

2
‖u − u0‖

2
L2(0,T ;L2(Ω)) → inf, (27)

U∂ is nonempty closed convex set in L2(0, T ; L2(Ω)). The equation describes an

evolution of free surface of filtered fluid.



In the case α/β 6= λ this problem can be reduced to the problem (3), (4), (8)

with strongly (L, 0)-radial operator M after choosing.

X = H2
∂
∂n

(Ω) =
{

v ∈ H2(Ω) : ∂
∂nv(x) = 0, x ∈ ∂Ω

}

, Y = U = L2(Ω).

Z0 = H1(0, T ; H2
∂
∂n

(Ω))∩L2(0, T ; H4(Ω)), H∂(v0, 0) = {u ∈ H1(0, T ; L2(Ω)) :
∫

Ω
(u(x, 0) + (α∆ − β∆2)v0(x))ϕk(x)dx = 0, k = 1,m},

Theorem 9. Let U∂ ∩H∂(v0, 0) 6= ∅. Then the control problem (22) – (27) has

a unique solution (v̂, û) ∈ Z0 × L2(0, T ; L2(Ω)).
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