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X, Y — Hilbert spaces, L € L(X;Y), ker L £ {0}, M € Cl(X;)), B€ LU;Y).
N(x(0) = zo) =0,

(1)
Li(t) = Mx(t) +y(t) + Bu(t), (2)
u € Uy, (3)
1 2 K 2 .
J(z,u) = 5“33 — wHHl(O,T;X) + ?Hu — UOHH"’(O,T;Z/{) — Inf, (4)

where r € {0,1,2,...}, g € X, Uy C H"(0,T;U),
pl(M)={peC: (uL— M)~ € L(X; D)}

R(Llu’p)(M) = ]/2:0 (L — M>_1L> L<LM7P>(M) — 11— LpxL — M>_1



Operator M is strongly (L, p)-radial, if
(i)Ja €R (a,+oo) C p(M);
(i) IK >0 Vup € (a,+00), k=0,p, VneN

©)
(ii1) there exists a dense subspace ) in ) such that

1 o
IMOL - M)~ LE (Myglly < — W gy e

(A —=a) [ (g = a)

k=0
for all A, 405 41 ---, p € (a, +00);

(iv) for all A, po, i1, .., fp € (a, +00)

|RG,pyMAL = M) )

N

K
(A —a) 1T (g — a)
k=0



xV = kerRE (M), W = ker L” (M),

(k.p (p.p
1 _ T pL | _ 7L
= 1mR(u,p)(M)’ V= 1mL<M;p)(M)
Lp=L| , domM;=X*NdomM, M,=M
Xk dom M,

Theorem 1. Let operator M be strongly (L, p)-radial. Then

Hx=x'oxt,y=3"eol;

(i) L. € L(XFVF), M, e clx”: y¥), k =0,1:

(iii) there exists operators ]\40_1 S L(yo; X0 u Ll_l S E(yl; xh.

(iv) operator G = Mo_lLo C C(XO) is nilpotent of the power < p:

(v) there exists strongly continuous semigroup {X' € L(X) : t > 0} of the
equation Lz(t) = Mx(t);

(vi) operator S = Ll_lMl e Cl(XY) generates Cy-continuous semigroup

(X=X ecxh):teRy}.
X!



z(0) = o, (5)
La(t) = Mx(t) + y(t) (6)
Function z € Wl(O T:X) is called strong solution of the problem (5), (6) if

it satisfies the condition thr(l)l () — xp||x = 0 and satisfies the equations (6)

almost everywhere on (0, 7).
Theorem 2. Let operator M be strongly (L, p)-radial. Then for ally € HPTHY),

( )
) € My =z € domM : ( ZGkM Q)y (>(O)>
\ )

the problem (5), (6) has a unique strong solution Of the form
t

p
Z GYM Q)y @(t) + /Xt_SLl_le(S)dS + X',

q=0 0

where @Q is projector along YV on Y1,



P (0) = Py, (7)
Function x € qu((), T: X) is called strong solution of the problem (6), (7) if it

satisfies the condition tliI(I)l | Pz(t) — Pxo||x = 0 and satisfies the equations (6)
0+

almost everywhere on (0, 7).
Theorem 3. Let operator M be strongly (L, p)-radial. Then for ally € HPTY0,T;Y
and zg € domM+XY the problem (6), (7) has a unique strong solution of the same

form as in the theorem 2.



Consider the control problem (3), (4) for the system
r(0) =x9, Li(t)= Mzx(t)+y(t)+ Bul(t). (8)
Z,={2e H (0,T;X): Lz — Mz e H"(0,T; )},
rer € {0,1,...,p+ 1}

The set QT of pairs (x,u) € Z, x H"(0,T;U) is called the set of addmissible
pairs of the problem (3), (4), (8), if pairs (z, u) satisfies the conditions (3), (8).
A solution of the problem (3), (4), (8) is a pair (z,u) € 20 such that

Jzx,u)= inf J(x,u).
(&, ) <w)em( )

A functional J(x,u) is called coercive, if for all R > 0 the set {(z,u) € 0 :
J(x,u) < R} is bounded in the space Z, x H"(0,T;U).



Denote for zg € domM, y € HPYL(0,T;)) the set of control functions u €
HPTY0, T; 1) satisfying the condition
p+1
(I = Py = — > GFM (1 = Q)(BuM(0) + y M (0)
k=0

by Hy(xp,y). Following result is obtained.

Theorem 4. Let M be strongly (L, p)-radial, Uy N Hy(xg,y) # 0. Then there
exists a unique solution (x,u) € Z, x H"(0,T;U) of the problem (3), (4), (8).

For the control problem (3), (4) with general Showalter condition
Px(0) = Pxg, Lx(t)= Mxz(t)+ y(t) + Bu(t) (9)

Theorem 5. Let the condition thy N HPYL0, T;U) # 0 is satisfied. Then the
control problem (3), (4), (9) has a unique solution (z,u) € Z, x H"(0,T;U).



w(z,0) =wy(z), x €, (10)

w(x,t) =0, (x,t) €0 x(0,T), (11)

wi(z,t) = vAw(z,t) — q(z,t) + y(x,t), (x,t) € Q x(0,T), (12)
V-ow=0, (x,t)eQx(0,T). (13)

Here 2 C R" is a bounded region with boundary 0€) of the class C'°°. Here
constant v is positive and ¢ = Vp is gradient of pressure. w(x,t) and q(x,t) are

unknown vector—functgons. .
H? = (HX(Q)", H'= (H'(Q)". Ly = (Lo()". £ = {w € (CQ)" -
V -w = 0}. Closure of subspace £ in the sense of the norm of the space Ly denote

as Hy. Lo = Hy; & Hy, where H is orthogonal compliment to Hy. Denote by
II : Lo — H corresponding orthoprojector. I1y: HNH? SHNhH? © =7 —1I.
HNH? = H2 @ H2, where H2 = ker ITy, H2 = imlI;.



A = diag{A,...,A}, A : domA — Ly, domA = H?. Besides, A, = A
H2

o

)

H2
@)
Function z €H!NH? satisfies the condition (13) if and only if z € H2 or, in
other words, 11z = 0.

Mw(z,t) = yg(,1),  (2,8) € Qx(0,T). (14)
X =Y =H, x Hy x H; H = H;

(100\ (vA, 0 0 )

L=|ot10]|, M=| 0 vA, -1 ]|,
\ 000 \ 0 —1 0 )
L:X =Y kerL ={0} x {0} x H2 imL = Hy, x H,; x {0}, M : X — Y has
a domain domM = HZ x Hz x H:.

Theorem 6. Operator M is strongly (L, 1)-radial.




Replace the initial condition (10) by the condition
Yw(x,0) =wy(x), =€ (15)

and get the general Showalter problem. For any fixed ¢ € (0,7T") denote Xy(x,t) =
ya(% t); Hy(llj, t) — yﬂ'(x7 t)
Theorem 7. For any wy € H2 and y € H'(Ly), y, € HQ(]H[?]) there exists a

unique strong solution of the problem (11), (12), (14), (15), that has the form
t

wel@,t) =Y eMwy, op) gl +/Z€A’ft Nyol€, 5), op(&))er(@)ds,
k=1 ’

fo—

1
w ( yC](x?t)
( (?yq(a:,t).

q(z,t) = yr(z,t) + vAyg(z, 1) — gy




Yw(x,0) =wy(x), x €, (16)
w(zx,t) =0, (x,t) €0 x(0,T), (17)
wi(i,1) = vAw(z,t) — gl 1) +ulz, 1), (2.6) €Qx (0,T),  (18)
hw =uy(z,t), (z,t) € Qx(0,T), (19)
(u, uqg) € Uy, (20)
1 2 1 2
‘]<w7 q, u) — §Hw - UOHHl(O,T;]LQ) + 5 q — qo”Hl(O,T;HQ)_'_

N ; K , |

?”u o uOHHT(O,T;Lg) + ?Huq — U HT(()’T;HZ) — lﬂf, (21>

where vy € HY0,T;Ls), g0 € H'(0, T Hg), ug € H"(0,T;1Lo), u; € H"(0,T; HCQI)7
g C H"(0,T;Ly) x H"(0, T H2).
Zr = {(z,k) € H'(0,T; o) x H'(0, T; H) :
2 —vAz+k € H'(Ly), ;2 € H(0,T;H2)}.

Theorem 8. Let 4y N H?(0,T;1Lg) x H?(0,T; ]I—]I%]) # (. Then the problem (16)
—(21) has a unique solution (W, q, 0, uq) € Zr x H"(0,T;1Ly) X H?(0,T; Hg)



Dzektser equation
Let €2 C R? is a bounded domain 0€) of the class C°°, A\,a € R, 8 € R

Consider the optimal control problem

v(z,0) = vo(z), =€, (22)
%v(x,t} = %Av(aj,t) =0, (x,t) €90 x(0,T), (23)
(X — Az, t) = alo(z, t) — BA*v(z, t) + u(z, t), (24)
(,t) € Q2% (0,T),  (25)
u(x,t) € Uy, (26)
1 2 N 2 .
J(v,u) = §H”U ~ wHHl(O,T;HQ(Q)) + EHU — UOH@(Q)@@(Q)) — Inf, (27)

15 is nonempty closed convex set in Lo(0,T; Lo(2)). The equation describes an

evolution of free surface of filtered fluid.



In the case /B # A this problem can be reduced to the problem (3), (4), (8)
with strongly (L, 0)-radial operator M after choosing.

X = H%(Q) = {v e HAQ): Lo(z) =0, z € aQ}, Y =U=LyQ)
2y = HI(0, T H2 () 1 Lo(0, T HYQ), Hyfwo,0) = {u € HY0,T: Ly(0)

J(u(z,0) + (a B2 @))pla)de = 0, k = T}

THEOREM 9. Let 85N Hy(vg, 0) # 0. Then the control problem (22) — (27) has
a unique solution (v,u) € 2y x Lo(0,T; Lo(€2)).

THANK YOU FOR THE ATTENTION



