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NOTATION

C'([a, b]; R) is the Banach space of continuous functions.

~

C'([a, b]; D) is the set of absolutely continuous functions.
L(la,b]; R) is the Banach space of Lebesgue integrable functions.

Ly is the set of linear bounded operators £ : C(|a,b];R) — L(|a,b]; R) for which there exists
a function ny € L([a, b]; R, ) such that [£(v)(t)] < ne(t)||v]|c for ¢ € [a,b].

P,y is the set of operators ¢ € L, transforming the set C'([a, b]; R ) into the set L(|a, b]; R,).
F,, 1s the set of linear bounded functionals.
PF, is the set of functionals h € F; transforming the set C'(|a, b]; R ) into the set R,.

L ={ue C(a,b];R): (=1)" " u(a) — h(u))sgnu(a) < c}, where h € Fy, c e R, i =1,2.
JCap is the set of continuous operators F' : C(|a, b];R) — L(|a, b]; R satisfying the Carathéodory

conditions.
K([a,b] x A; B), where A C R", B C R, is the set of function f : [a,b] x A — B satisfying the

Carathéodory conditions.



Consider the boundary value problem
u'(t) = Fu)(t), (1)
u(a) = h(u) + ¢(u), (2)
where F' € ICop, h € Fyp and ¢ : C'([a, b]; R) — R is a continuous functional such that, for every
r > 0, there exists M, € R, satisfying

p(v)] < M, forve C(la,b;R), |[v]lc <7
We will assume that the functional h admits the representation
h(v) “ \o(b) + ho(v) — hi(v) for v € C(la, b];R), (3)
where A > 0 and hg, h1 € PF).

By a solution of the problem (1), (2) we understand a function u € C([a, b]; R) satisfying the

equality (1) almost everywhere in |a, b] and the boundary condition (2).

Results are concretized for the differential equation with deviating arguments of the form

u'(t) = p(t)u(r(t)) — g(t)ulpt) + f(t, ult), u(v(t))), (4)
where p,g € L([a,b];R,), 7, i, v are measurable functions and f € K([a,b] x R* R).



Linear problem

u'(t) = £(u)(t) +q(t), ()
u(a) = h(u) + ¢, (6)

where £ € Ly, g € L(la,b;R), h € Fy,, and ¢ € R.

b

£(8) = p(tyu(r(t) + g(t)ulul®)) + qlt), / u(s)ds = ¢ (7)

a

where p,q € L(|a,b];R), 7: [a,b] — |a,b] is a measurable function and ¢ € R.
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h(v) “ Avo(b) + ho(v) — hi(v) for v € C([a, b];R) (3)
MAIN RESULTS
Let introduce some notations. Having A > 0 and hg, hy € PFy,, we put
oA ho) = (1= ho(1)ymin{ 1, %} B0 ) = (A= hy(1))min{ 1, %} (3)
and define the function wy(-; k) by the formula
(O o) — (g0 4+ 12
if A<1, (I1=X+h(1)z < (1—h1))(1—h(l))
) — (w1 )
if A<1, (I1=X+h(1)z> (1—h(1))(1—h(l))
wo(w; h) = (9)

(w+a-11ho(1)) (1-ho(1))
1—h0(1)—)\x

)\hl(l)l’ <

— ha(1)
if A>1, (1= R(1))(1 = ho(1))

(425 +400() (1-ho(n)
= ho()—\z X

A1)z > (1= h(1)) (1~ ho(1)

hi(1)

if A>1,

\



u'(t) = Fu)(t), (1)
u(a) = hu) +(u),  (2)
h(v) “ Av(b) + ho(v) — hi(v) forv e Cla,b;R)  (3)

THEOREM 1. Let functional h be defined by the formula (3), where A > 0 and hg, h; € PFy,
are such that h(1) <1, ho(1) < 1, hy(1) < A. Let, moreover, the condition

e(v)sgnou(a) < c¢ forv e C([a,b];R)
be satisfied with some ¢ € R, and there exist £y, {1 € Py, such that on the set Bj ([a, b]; R), the
inequality
(F(0)(t) = o(v)(t) + L1 (v)(t)) sgno(t) < q(L, [|vl|c) for t € |a, b].
holds. If, in addition,
1Mz < a(A, ho),

o)1z, ) < (1)1 < 2/alx o) = T(D]lz — () min {1, 1},

then the problem (1), (2) has at least one solution.



h(v) = Av(b) + ho(v) — hi(v) forv € Cla,b;R) (3)
u'(t) = pt)u(r(t) — g)ulp®)) + fE, ul), u(v(t) 4)
u(a) = hu) +p(u)  (2)

COROLLARY 1. Let functional h be defined by the formula (3), where A > 0 and hg, h1 € PFy,
are such that conditions (1) <1, ho(1) < 1, hi(1) < A,

e(v)sgnou(a) < c¢ forv e C([a,b];R)
are fulfilled and f(¢,x,y)sgnx < q(t), for t € |a,b], x,y € R, where ¢ € L(]a,b];R,). Let

moreover
b

/p(s) ds < (A, hy)

a

b

w()(/p(s) ds) < /g(s) ds < 2\ (X, hg) — /p(s) ds — hl(l)min{l,i}.

a

Then the problem (4), (2) has at least one solution.



u(a) = h(u) +o(u),  (2)
h(v) “ Av(b) + ho(v) — hi(v) forv e Cla,b;R)  (3)

THEOREM 2. Let functional h be defined by the formula (3), where A > 0 and hg, hy € PFy,
satisfy the condition A(1) < 1, ho(1) < 1, hi(1) < A. Let, moreover, the condition

e(v)sgnv(b) > —c forv € C([a,b];R)

be satisfied with some ¢ € Ry and there exist £y, /1 € P,y such that on the set B ([a, b]; R), the

inequality
(F'(0)(t) = bo(v)(t) + 1 (v)(F)) sgnv(t) = —q(t, [|v]|c) for t € [a, b].

holds. If, in addition,

16D < BN hy),
a( ho) -~ -~ -~ min !
oo e~ < Mol < 2B = TaDTT: — ho(1) {1.5}

then the problem (1), (2) has at least one solution.




h(v) = Av(b) + ho(v) — hi(v) forv € Cla,b;R) (3)
u'(t) = pt)u(r(t) — g)ulp®)) + fE, ul), u(v(t) 4)
u(a) = hu) +p(u)  (2)

COROLLARY 2. Let functional A be defined by the formula (3), where A > 0 and hg, h1 € PFy,
are such that conditions (1) <1, ho(1) < 1, hi(1) < A,

e(v)sgno(b) > —c forv e C(la,b];R)
are fulfilled and f(¢,z,y)sgnax > —q(t), fort € |a,b], z,y € R where ¢ € L(|a,b]; R, ). Let

moreover

b
/g(s) ds < a(A, hy)

b b
aho) g psyds <2 | B0k — [ pls)ds — ho(1)min {1, 2
B(A, hy) — fg @/ \ @/ { )\}

Then the problem (4), (2) has at least one solution.



u'(t) = Fu)(t), (1)
u(a) = hu) +ofu),  (2)
B = {uec Ca,b;R) : (u(a) — h(u))sgnu(a) < c}, where h € Fy,

THEOREM 3. Let A > 0,
(o(v) = p(w)) sen (v(a) —w(a)) <0 for v,w € C([a,b}R)
and let there exists £y, {1 € Py, such that on the set By ([a, b]; R), where ¢ = |h(0)|, the inequality
(F(v)(t) — F(w)(t) — Lo(v — w)(t) + li(v — w)(t)) sgn (v(t) — w(t)) <0
holds. Let moreover
1G]]z < alA, ho)
wo([[Co(L)][r, ) < [ (D)]]r
1)1z < 2v/a(x, o) — [G(DTTz — n(1) min {1, 7 }.

Then the problem (1),(2) is uniquely solvable.




u'(t) = F(u)(t), (1)
u(a) = h(u) + ¢(u), (2)
B: = {uc C[a,b];R) : (u(a) — h(u))sgnu(a) > —c}, where h € F,

THEOREM 4. Let A > 0,
(pl0) — () sgn (0(8) — wb)) = 0 for v,w € C(la,b;R)
and let there exists £y, /1 € P, such that on the set B3 ([a, b]; R), where ¢ = |h(0)] the inequality
(F(v)(t) = F(w)(t) — bo(v —w)(t) + 1(v — w)(t)) sgn (v(t) — w(t)) = 0
holds. Let moreover

14Dl < B ha),
Oé()\, h())
B ) = [[6 ()]

160Vl < 2/B ha) = [[o(D]]z = ho(1) min {1’ i}

Then the problem (1),(2) is uniquely solvable.

— 1<l
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