
New solvability conditions for

a Nonlocal Boundary Value Problem

for Nonlinear Functional Differential Equations
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Notation

C([a, b]; R) is the Banach space of continuous functions.

C̃([a, b]; D) is the set of absolutely continuous functions.

L([a, b]; R) is the Banach space of Lebesgue integrable functions.

Lab is the set of linear bounded operators ℓ : C([a, b]; R) → L([a, b]; R) for which there exists

a function ηℓ ∈ L([a, b]; R+) such that |ℓ(v)(t)| ≤ ηℓ(t)‖v‖C for t ∈ [a, b].

Pab is the set of operators ℓ ∈ Lab transforming the set C([a, b]; R+) into the set L([a, b]; R+).

Fab is the set of linear bounded functionals.

PFab is the set of functionals h ∈ Fab transforming the set C([a, b]; R+) into the set R+.

Bi
hc = {u ∈ C([a, b]; R) : (−1)i+1(u(a) − h(u)) sgn u(a) ≤ c}, where h ∈ Fab, c ∈ R, i = 1, 2.

Kab is the set of continuous operators F : C([a, b]; R) → L([a, b]; R satisfying the Carathéodory

conditions.

K([a, b]×A; B), where A ⊆ R
n, B ⊆ R, is the set of function f : [a, b]×A → B satisfying the

Carathéodory conditions.



Consider the boundary value problem

u′(t) = F (u)(t), (1)

u(a) = h(u) + ϕ(u), (2)

where F ∈ Kab, h ∈ Fab and ϕ : C([a, b]; R) → R is a continuous functional such that, for every

r > 0, there exists Mr ∈ R+ satisfying

|ϕ(v)| ≤ Mr for v ∈ C([a, b]; R), ||v||C ≤ r.

We will assume that the functional h admits the representation

h(v)
def
= λv(b) + h0(v) − h1(v) for v ∈ C([a, b]; R), (3)

where λ > 0 and h0, h1 ∈ PFab.

By a solution of the problem (1), (2) we understand a function u ∈ C̃([a, b]; R) satisfying the

equality (1) almost everywhere in [a, b] and the boundary condition (2).

Results are concretized for the differential equation with deviating arguments of the form

u′(t) = p(t)u(τ (t)) − g(t)u(µ(t)) + f(t, u(t), u(ν(t))), (4)

where p, g ∈ L([a, b]; R+), τ, µ, ν are measurable functions and f ∈ K([a, b] × R
2; R).



Linear problem

u′(t) = ℓ(u)(t) + q(t), (5)

u(a) = h(u) + c, (6)

where ℓ ∈ Lab, q ∈ L([a, b]; R), h ∈ Fab, and c ∈ R.

u′(t) = p(t)u(τ (t)) + g(t)u(µ(t)) + q(t),

b∫

a

u(s) ds = c, (7)

where p, q ∈ L([a, b]; R), τ : [a, b] → [a, b] is a measurable function and c ∈ R.
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h(v)
def
= λv(b) + h0(v) − h1(v) for v ∈ C([a, b]; R) (3)

Main Results

Let introduce some notations. Having λ > 0 and h0, h1 ∈ PFab, we put

α(λ, h0) =
(
1 − h0(1)

)
min

{
1,

1

λ

}
, β(λ, h1) =

(
λ − h1(1)

)
min

{
1,

1

λ

}
(8)

and define the function ω0(· ; h) by the formula

ω0(x; h) =





(
x+ 1

λ
h0(1)

)(
1−h0(1)

)

1−h0(1)−x
−

(
1
λ
h1(1) + 1−λ

λ

)

if λ ≤ 1,
(
1 − λ + h1(1)

)
x <

(
1 − h(1)

)(
1 − h0(1)

)

(
x+h0(1)

)(
1−h0(1)

)

1−h0(1)−x
−

(
h1(1) + 1 − λ

)

if λ ≤ 1,
(
1 − λ + h1(1)

)
x ≥

(
1 − h(1)

)(
1 − h0(1)

)

(
x+λ−1+h0(1)

)(
1−h0(1)

)

1−h0(1)−λx
− h1(1)

if λ > 1, λh1(1)x <
(
1 − h(1)

)(
1 − h0(1)

)

(
x+λ−1

λ
+ 1

λ
h0(1)

)(
1−h0(1)

)

1−h0(1)−λx
− 1

λ
h1(1)

if λ > 1, λh1(1)x ≥
(
1 − h(1)

)(
1 − h0(1)

)

. (9)



u′(t) = F (u)(t), (1)

u(a) = h(u) + ϕ(u), (2)

h(v)
def
= λv(b) + h0(v) − h1(v) for v ∈ C([a, b]; R) (3)

Theorem 1. Let functional h be defined by the formula (3), where λ > 0 and h0, h1 ∈ PFab

are such that h(1) ≤ 1, h0(1) < 1, h1(1) ≤ λ. Let, moreover, the condition

ϕ(v) sgn v(a) ≤ c for v ∈ C([a, b]; R)

be satisfied with some c ∈ R+ and there exist ℓ0, ℓ1 ∈ Pab such that on the set B1
hc([a, b]; R), the

inequality

(F (v)(t) − ℓ0(v)(t) + ℓ1(v)(t)) sgn v(t) ≤ q(t, ||v||C) for t ∈ [a, b].

holds. If, in addition,

||ℓ0(1)||L < α(λ, h0),

ω0(||ℓ0(1)||L, h) < ||ℓ1(1)||L < 2
√

α(λ, h0) − ||ℓ0(1)||L − h1(1) min
{

1,
1

λ

}
,

then the problem (1), (2) has at least one solution.



h(v)
def
= λv(b) + h0(v) − h1(v) for v ∈ C([a, b]; R) (3)

u′(t) = p(t)u(τ (t)) − g(t)u(µ(t)) + f(t, u(t), u(ν(t))) (4)

u(a) = h(u) + ϕ(u) (2)

Corollary 1. Let functional h be defined by the formula (3), where λ > 0 and h0, h1 ∈ PFab

are such that conditions h(1) ≤ 1, h0(1) < 1, h1(1) ≤ λ,

ϕ(v) sgn v(a) ≤ c for v ∈ C([a, b]; R)

are fulfilled and f(t, x, y) sgn x ≤ q(t), for t ∈ [a, b], x, y ∈ R, where q ∈ L([a, b]; R+). Let

moreover
b∫

a

p(s) ds < α(λ, h0)

ω0

( b∫

a

p(s) ds
)

<

b∫

a

g(s) ds < 2

√√√√√α(λ, h0) −

b∫

a

p(s) ds − h1(1)min
{
1,

1

λ

}
.

Then the problem (4), (2) has at least one solution.



u′(t) = F (u)(t), (1)

u(a) = h(u) + ϕ(u), (2)

h(v)
def
= λv(b) + h0(v) − h1(v) for v ∈ C([a, b]; R) (3)

Theorem 2. Let functional h be defined by the formula (3), where λ > 0 and h0, h1 ∈ PFab

satisfy the condition h(1) ≤ 1, h0(1) < 1, h1(1) ≤ λ. Let, moreover, the condition

ϕ(v) sgn v(b) ≥ −c for v ∈ C([a, b]; R)

be satisfied with some c ∈ R+ and there exist ℓ0, ℓ1 ∈ Pab such that on the set B2
hc([a, b]; R), the

inequality

(F (v)(t) − ℓ0(v)(t) + ℓ1(v)(t)) sgn v(t) ≥ −q(t, ||v||C) for t ∈ [a, b].

holds. If, in addition,

||ℓ1(1)||L < β(λ, h1),

α(λ, h0)

β(λ, h1) − ||ℓ1(1)||L
− 1 < ||ℓ0(1)||L < 2

√
β(λ, h1) − ||ℓ0(1)||L − h0(1) min

{
1,

1

λ

}

then the problem (1), (2) has at least one solution.



h(v)
def
= λv(b) + h0(v) − h1(v) for v ∈ C([a, b]; R) (3)

u′(t) = p(t)u(τ (t)) − g(t)u(µ(t)) + f(t, u(t), u(ν(t))) (4)

u(a) = h(u) + ϕ(u) (2)

Corollary 2. Let functional h be defined by the formula (3), where λ > 0 and h0, h1 ∈ PFab

are such that conditions h(1) ≤ 1, h0(1) < 1, h1(1) ≤ λ,

ϕ(v) sgn v(b) ≥ −c for v ∈ C([a, b]; R)

are fulfilled and f(t, x, y) sgn x ≥ −q(t), for t ∈ [a, b], x, y ∈ R where q ∈ L([a, b]; R+). Let

moreover
b∫

a

g(s) ds < α(λ, h0)

α(λ, h0)

β(λ, h1) −
b∫
a

g(s) ds

− 1 <

b∫

a

p(s) ds < 2

√√√√√β(λ, h1) −

b∫

a

p(s) ds − h0(1) min
{

1,
1

λ

}
.

Then the problem (4), (2) has at least one solution.



u′(t) = F (u)(t), (1)

u(a) = h(u) + ϕ(u), (2)

B1
hc = {u ∈ C([a, b]; R) : (u(a) − h(u)) sgnu(a) ≤ c}, where h ∈ Fab

Theorem 3. Let λ > 0,

(
ϕ(v) − ϕ(w)

)
sgn (v(a) − w(a)) ≤ 0 for v, w ∈ C([a, b]; R)

and let there exists ℓ0, ℓ1 ∈ Pab such that on the set B1
hc([a, b]; R), where c = |h(0)|, the inequality

(
F (v)(t) − F (w)(t) − ℓ0(v − w)(t) + ℓ1(v − w)(t)

)
sgn (v(t) − w(t)) ≤ 0

holds. Let moreover

||ℓ0(1)||L < α(λ, h0)

ω0(||ℓ0(1)||L, h) < ||ℓ1(1)||L

||ℓ1(1)||L < 2
√

α(λ, h0) − ||ℓ0(1)||L − h1(1) min
{

1,
1

λ

}
.

Then the problem (1),(2) is uniquely solvable.



u′(t) = F (u)(t), (1)

u(a) = h(u) + ϕ(u), (2)

B2
hc = {u ∈ C([a, b]; R) : (u(a) − h(u)) sgnu(a) ≥ −c}, where h ∈ Fab

Theorem 4. Let λ > 0,

(
ϕ(v) − ϕ(w)

)
sgn (v(b) − w(b)) ≥ 0 for v, w ∈ C([a, b]; R)

and let there exists ℓ0, ℓ1 ∈ Pab such that on the set B2
hc([a, b]; R), where c = |h(0)| the inequality

(
F (v)(t) − F (w)(t) − ℓ0(v − w)(t) + ℓ1(v − w)(t)

)
sgn (v(t) − w(t)) ≥ 0

holds. Let moreover

||ℓ1(1)||L < β(λ, h1),

α(λ, h0)

β(λ, h1) − ||ℓ1(1)||L
− 1 < ||ℓ0(1)||L

||ℓ0(1)||L < 2
√

β(λ, h1) − ||ℓ0(1)||L − h0(1) min
{

1,
1

λ

}

Then the problem (1),(2) is uniquely solvable.
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