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Dedication

Best wishes and congratulations to four musketeers

“four drinks for two Is better
than two drinks for four"

(Svatoslav-Irena-FrantiSek-Stefan’s inequality)
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Motivation

o Model

9

A%z, 1 + cAx,y, + aarctan z,, = pm,

c>0, az#0

Duffing difference equation :

(m € Z)
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Motivation

°

Model : Duffing difference equation :

A%z, 1 + cAx,y, + aarctan z,, = pm,

c>0, az#0

(m € 7Z)

problem : bounded input-bounded output (BIBO) : for
which bounded input  (p,,)mez does it exist a

bounded output  (z,)mez  ?
bounded means belonging to  [7°
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Motivation

# Model : Duffing difference equation :

A%z, 1 + Az, + aarctan x,, = pm|  (m € Z)

®» >0, a#0

#® problem : bounded input-bounded output (BIBO) : for
which bounded input  (p;,)mez doOEs it exist a
bounded output  (z,)mez  ?

# bounded means belongingto [7°

#® A (sharp) solution is proposed when a <0
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Model : Duffing difference equation :

A%z, 1 + Az, + aarctan x,, = pm|  (m € Z)

c>0, a#0

problem : bounded input-bounded output (BIBO) : for
which bounded input  (p;,)mez doOEs it exist a
bounded output  (z,)mez  ?

bounded means belonging to  [7°

A (sharp) solution is proposed when « < 0

A technique is developed which could work when
a >0
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Motivation

°

L I

Model : Duffing difference equation :

A%z, 1 + Az, + aarctan x,, = pm|  (m € Z)

c>0, a#0

problem : bounded input-bounded output (BIBO) : for
which bounded input  (p;,)mez doOEs it exist a
bounded output  (z,)mez  ?

bounded means belonging to  [7°

A (sharp) solution is proposed when « < 0

A technique is developed which could work when
a >0

Partially joint work with J.B. Baillon
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Notations and equation

o (xj)jez




Notations and equation

o (xj)jez

9 A2$m_1:: A(Awm_l) = A(:Cm — :Cm_l)

= Tm41 — 2Tm + Tp—1
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Notations and equation

o (xj)jez

9 A2$m_1:: A(Awm_l) = A(:Cm — :Cm_l)

= Tm41 — 2Tm + Tp—1

® f,ecCRR) (mezZ)
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Notations and equation

9

©

(xj)jez

A%z 1= A AZm—1) = AT, — Trn—1)

= Tm41 — 2Tm + Tp—1

fm € C(R,R) (m € 7)

A%z, 1+ Az 4 fn(Tm) =0

(m € Z)

A237777,—1 + cAxpy—1 + fm(xm) =0

(m € Z)
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Notations and equation

o (xj)jez

9 AQLEm_l:: A(Awm_l) = A(:Cm — :Cm_l)

= Tm41 — 2Tm + Tp—1

® f,ecCRR) (mezZ)

® A%z, 1+ cAxpy + fu(zn) =0 (m € Z)

® A’z 1+ cAxp 1+ f(zn) =0 (m € Z)

# bounded solution @ (z,)mez € IF
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A limiting lemma

#® Lemma. Assume that, for each n € N*, there exists

2" = (xl') _n—1<m<n+1 SUCh that

A%z eAx + Fn(2™) =0 (—n < m <n)

and such that «a,, <z <G, (|m]

<n-+1) for

some o= (am)mez €15°, B = (Bm)mez € 17°.

Then there exists = = (Z)mez € 17

such that

A237777, 1 + cAy, + fm(xm) =0, ap< T < Bm (m < Z)
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A limiting lemma

#® Lemma. Assume that, for each n € N*, there exists
2" = (xl') _n—1<m<n+1 SUCh that

A%z eAx + Fn(2™) =0 (—n < m <n)

and suchthat o, <z <G, (Im| <n+1) for

some o= (am)mez €15°, B = (Bm)mez € 17°.
Then there exists 7 = (Z),)mez €157 such that

A237777, 1 + cAy, + fm(xm) =0, ap< T < Bm (m < Z)

® Same result for |A%*Z,, 1 +cAZy 1+ fo(Tm) =0
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A limiting lemma

#® Lemma. Assume that, for each n € N*, there exists
2" = (xl') _n—1<m<n+1 SUCh that

A%z eAx + Fn(2™) =0 (—n < m <n)

and suchthat o, <z <G, (Im| <n+1) for

some o= (am)mez €15°, B = (Bm)mez € 17°.
Then there exists 7 = (Z),)mez €157 such that

A2$m 1 + cAy, + fm(xm) =0, ap< T < Bm (m < Z)

® Same result for |A%*Z,, 1 +cAZy 1+ fo(Tm) =0

# Proof. Borel-Lebesgue lemma, Cantor diagonalization
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Bounded lower and upper solutions — .

® f,ecCRR) (mez)

® o= (@m)mEZ - Z%O (resp. 6 — (6m)mEZ < l%))
bounded lower solution (resp. upper solution) for

A%z 1+ Az + fnlzm) =0 (m € 7Z)

it A2a,,_1 + cAoy + foam) >0
m) <

(resp. A?Bp_1+ cABm + fn( 0) (meZ)
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Bounded lower and upper solutions — .

® f,ecCRR) (mez)

® o= (@m)mEZ - Z%O (resp. 6 — (6m)mEZ < l%)
bounded lower solution (resp. upper solution) for

A%z 1+ Az + fnlzm) =0 (m € 7Z)

it A2a,,_1 + cAoy + foam) >0
m) <

(tesp. A28 1 + cABy + funl(Bm) <0)  (m € Z)

® Similar definition for

A%z 1+ A1+ fn(zm) =0 (m € Z)
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Bounded lower and upper solutions —

® Theorem.If ¢>0 (resp. ¢<0) and

A%x, 1+ cAxpy + f(zm) =0 (m € Z)

(resp. A%z 1+ cAxp 1+ flzm) =0 (m € Z) )

has a lower solution o = (am,)mez and an upper
solution 3= (Gm)mez Suchthat «,, <3,
(m € Z), thenithasasolution =z = (z,,)mez €1

suchthat o, <z <Bn (meZ).
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Bounded lower and upper solutions —

® Theorem.If ¢>0 (resp. ¢<0) and

A%x, 1+ cAxpy + f(zm) =0 (m € Z)

(resp. A%z 1+ cAxp 1+ flzm) =0 (m € Z) )

has a lower solution o = (am,)mez and an upper
solution 3= (Gm)mez Suchthat «,, <3,
(m € Z), thenithasasolution =z = (z,,)mez €1

suchthat o, <z <Bn (meZ).
® Proof. LUS for Dirichlet

A%z 1+ cAxpy + folzm) =0 (—n <m < n)
L—n—1 = C-n—-1, In4+l = Op41

for each n and limiting lemma
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Constant lower and upper solutions

#® Corollary. If ¢>0 (resp. ¢ <0) and if there exist
real numbers o < suchthat f,(8) <0< fm(a)
(m € Z), then equation

A%x 1+ Ay + fn(zm) =0 (m € 7Z)

(resp. |A%z,, 1+ cAzp1+ f(zm) =0 (m € Z)))

has at least one solution  z = (z,,)mez € 17° SuUch
that o<z, <8 (meZ).

Bounded Solutions for Nonlinear Difference Equations — p.8/28



Constant lower and upper solutions

#® Corollary. If ¢>0 (resp. ¢ <0) and if there exist
real numbers o < suchthat f,(8) <0< fm(a)
(m € Z), then equation

A%x 1+ Ay + fn(zm) =0 (m € 7Z)

(resp. |A%z,, 1+ cAzp1+ f(zm) =0 (m € Z)))

has at least one solution  z = (z,,)mez € 17° SuUch
that o<z, <p (meZ).

# continuouscase : |2/ +ci'+ f(t,z)=0

corresponding result holds forall ce R
(Barbalat (1958), Opial (1958))
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Interlude

Joint work
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First order linear equations

® Lemmal. If c¢¢&{0,2} equation

Ay + cxy = hy (M € Z)

has a unique bounded solution  z = (2,)mez € I
foreach h = (hy)mez € I°
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First order linear equations

® Lemmal. If c¢¢&{0,2} equation

Ay + cxy = hy (M € Z)

has a unique bounded solution  z = (2,)mez € I
foreach h = (hy)mez € I°

® Llemmaz2. If c¢¢&{-20} equation

Axy—1 + cxpy = hy (M € Z)

has a unique bounded solution = = (z,,)mez € [°
foreach h = (hy)mez € 1°
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First order linear equations

® Lemmal. If c¢¢&{0,2} equation

Ay + cxy = hy (M € Z)

has a unique bounded solution  z = (2,)mez € I
foreach h = (hy)mez € I°

® Llemmaz2. If c¢¢&{-20} equation

Axy—1 + cxpy = hy (M € Z)

has a unique bounded solution = = (z,,)mez € [°
foreach h = (hy)mez € 1°

# continuouscase : |z’ +cx=h(t)| he BC(R)
result holds foreach ¢#0 (Perron (1930))
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Sequences with bounded primitive

® A-primitive  H2 of h=(hn)mez
® H®=(H)mez - AH2=h, (mcZ)
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Sequences with bounded primitive

o A-primitive  H> of  h=(hm)mez
® H®=(H)mez - AH2=h, (mcZ)
-
o hy 0 om>1
HA = 0 if m= (m € Z)
— St hy i om< -1
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Sequences with bounded primitive

°

°

A-primitive
HA = (H#z)mez

HA

m

HA

of

i
0

(hm)mEZ :

h = (hm)mEZ
AHS = hy,

(m € 7Z)
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Sequences with bounded primitive

L I

°

°

A-primitive  H2  of  h = (hn)mez
H? = (H>)mez AHS = h,, (m € Z)
m-lp if 1
k=0 "k m =
HA = 0 if m= (m € Z)
— St hy i om< -1
BP; = {h=(hm)mez : H® € I}
BPy C I

continuous case
BC(R) ¢ BP(R)
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Second order linear equations

#® Proposition 1. If c¢¢ {—2,0}, equation

A%z, 1+ cAxy, = hy,  (m € Z)

has a bounded solution z = (z,);mez € 17°  Ifand
onlyif he BP;,.
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Second order linear equations

#® Proposition 1. If c¢¢ {—2,0}, equation

A%z, 1+ cAxy = hy (M EZ)

has a bounded solution z = (z,);mez € 17°  Ifand
onlyif he BP;,.

#® Proposition 2. If  ¢¢ {0,2}, equation

AQZISm_l + cAzy—1 = hm (m = Z)

has a bounded solution z = (z,);mez € 13°  Ifand
onlyif he BP;y.
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Second order linear equations

#® Proposition 1. If c¢¢ {—2,0}, equation

A%z, 1+ cAxy = hy (M EZ)

has a bounded solution z = (z,);mez € 17°  Ifand
onlyif he BP;,.

#® Proposition 2. If  ¢¢ {0,2}, equation

AQZISm_l + cAzy—1 = hm (m = Z)

has a bounded solution z = (z,);mez € 13°  Ifand
onlyif he BP;y.

# continuouscase : |z”"+cax’=h(t) he BCO(R)

result holds when ¢#0 ifandonlyif he BP(R)
(Ortega (1995))
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Generalized mean values

# |ower (resp. upper) mean value of p = (p;)jez € I7°

(resp. p = limp— 0o SUPm—k>n (ml—k Z;ﬂ:qu pj))
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Generalized mean values

# |ower (resp. upper) mean value of p = (p;)jez € I7°

(resp. p = limp 00 SUP,y,_p>p (ﬁ D ikt Pj))
# Lemma. The following statements are equivalent :

() a<p<p<p.
() there exists p* € BPz, p™ €l’ such that
p=p"+p”* and o« <infiezp;" <supgezpy” < 0
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Generalized mean values

# |ower (resp. upper) mean value of p = (p;)jez € I7°

(resp. ﬁ = lim,, o SUP—k>n (ﬁ Z;-n:kﬂ pj))
# Lemma. The following statements are equivalent :
() a<p<p<p.
() there exists p* € BPz, p™ €l’ such that
p=p"+p”* and o« <infiezp;" <supgezpy” < 0

® Specialcase.If p=p=0, then,foreach ¢>0
there exists p* € BP;, p*™ €l7° such that

p=p"+p™ and sup,cy |pi| <e
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Generalized mean values

» lower (resp. upper) mean value of p = (pj)jez € I
}/?\ = hmn—>oo infm—k’Zn (ﬁ Z;ﬁ:k’—kl p])
(resp. p = limp 00 SUPyy,_p>p (ﬁ D j=h+1Ps ))

# Lemma. The following statements are equivalent :

() a<p<p<p.
() there exists p* € BPz, p™ €l’ such that
p=p"+p”* and o« <infiezp;" <supgezpy” < 0

® Specialcase.If p=p=0, then,foreach ¢>0
there exists p* € BP;, p*™ €l7° such that

p=p"+p™ and sup,cy |pi| <e

#® continuous case . replace sums by integrals
(Ortega-Tineo (1996))
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Interlude

Mathematical anxiety
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Duffing difference equations

Theorem. Assume
l. ¢>0, ¢geCRR), pely
2. Thereexists rp >0 and J6_<d, suchthat

g(y) > 64 for y < —rg, gy <é_ for y>ro.

3. d_<p<p<i,.
Then equation

A%z, 1+ Az + g(xm) = pm (M € Z)

has at least one solution  z = (zy,)mez € [
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Sketch of the proof

o write p=p"+p*”™ with p"ecBP;,, p™ecl and
0— < infrezpr” < suppezpp” < 0t
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Sketch of the proof

o write p=p"+p*”™ with p"ecBP;,, p™ecl and
0— < infrezpr” < suppezpp” < 0t

® Az, 1 +cAx,, =p' (mcZ) hasabounded
solution  u = (uy)mez
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Sketch of the proof

o write p=p"+p*”™ with p"ecBP;,, p™ecl and
0— < infrezpr” < suppezpp” < 0t

® Az, 1 +cAx,, =p' (mcZ) hasabounded
solution  u = (uy)mez

® letting 2z =u+2z gives the equivalent problem
A%z 1+ cAzp + g(m + 2m) — P =0 (m € Z)
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Sketch of the proof

o write p=p"+p*”™ with p"ecBP;,, p™ecl and
0— < infrezpr” < suppezpp” < 0t

® Az, 1 +cAx,, =p' (mcZ) hasabounded
solution  u = (uy)mez

® letting 2 =u+2z gives the equivalent problem
A%z 1+ cAzp + g(m + 2m) — P =0 (m € Z)

® o= —1rp—sup,eyzur IS alower solution and
3 =rg—infrezuir  an upper solution for the equivalent
problem
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Sketch of the proof

o write p=p"+p™ with p"eBP, p™eclX and
0— < infrezpr” < suppezpp” < 0t

® A’r, 1 +cAx, =p' (mcZ) hasabounded
solution  u = (uy)mez

® letting =z =u+ 2z gives the equivalent problem
A%z 1+ cAzp + g(m + 2m) — P =0 (m € Z)

® o= —ryg—sup,eyzur IS alower solution and

0 =rg—1infrezu  an upper solution for the equivalent
problem

# use Corollary on constant lower and upper solutions
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L andesman-Lazer condition

» Corollary. If
1. ¢>0, geCRR), p=Pm)mez €IF
2. limsup,_ 9(y) <p<p<liminf, ._cg(y) ()
then equation
A%z 1+ Az + g(xm) =pm (m €7Z)| hasa
solution = = (zy)mez € 17°.
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L andesman-Lazer condition

» Corollary. If
1. ¢>0, geCRR), p=Pm)mez €IF
2. limsup, - 9(y) <p<p<liminfy, . g(y) ()
then equation

A%z 1+ cAxpy + g(zm) =pm (m€Z)] hasa
solution = = (zy)mez € 17°.

#® Remarkl. pecl5® necessary for existence of a
bounded solution
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L andesman-Lazer condition

» Corollary. If
1. ¢>0, geCRR), p=Pm)mez €IF
2. limsup, - 9(y) <p<p<liminfy, . g(y) ()
then equation

A%z 1+ cAxpy + g(zm) =pm (m€Z)] hasa
solution = = (zy)mez € 17°.

#® Remarkl. pecl5® necessary for existence of a
bounded solution

® Remark 2. if
—oo < limsup, .+ 9(y) < g(x) <liminfy . g(y) < +o0
forall zeR, then pel® and (*) Is
necessary for the existence of a bounded solution
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Examples

1. Equation

A%2—1 + cAz,y, — % =pm (M E€Z)

with ¢>0 and b>0 has a solution

T = (Tm)mez €177 1fandonlyif p= (pm)mez € 15°
and —-b<p<p<b
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Examples

1. Equation

A%2—1 + cAz,y, — % =pm (M E€Z)

with ¢>0 and b>0 has a solution

v = (¥m)mez €1z Handonlyit p=(pm)mez €17’
and —-b<p<p<b

2. Equation

A1 + cAxyy, — 14:)@7:1‘@ =pm (M EZ)

with ¢>0, >0 and 0<a<1 hasasolution
T = (Tm)mez €177 ifandonlyif p= (pm)mez €1
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Remarks

#» similar results hold for equation

A%z, 1+ cAxp1 + g(Tm) = pm

(m € Z)

when

c <0
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Remarks

# similar results hold for equation

Azxm—l + cAzpy—1 + g(xm) = Pm (m - Z)

when ¢<0

# continuous case : |2/ +cx' + g(x) = p(t)

similar results holds for ¢#0 with corresponding
conditionsupon ¢ and p (Mawhin-Ward (1998))
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Remarks

#» similar results hold for equation

A%x, 1+ cAxp_1 + g(xm) = pm (M € Z)

when c¢<0

# continuous case : |2/ +cx' + g(x) = p(t)

similar results holds for ¢#0 with corresponding
conditions upon ¢ and p (Mawhin-Ward (1998))

#® Open problem. Prove or disprove that equation

A%z, 1+ cAx,, + % =pm (M E€Z)

(c>0, b>0) hasasolution =z = (zy)mez €1
fandonlyif p=(nlnez€l3’. —b<p<p<b
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Interlude

Identity problems : is it me ?
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Guiding functions — continuous case

©

v’ = f(t x)

with

feC(RxR"R")
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Guiding functions — continuous case

® |2 =f(t,r)] with [feC(RxR" R")

# guiding function : Ve CY{R™R), py>0
(VV(z), f(t,z)) <0  when |z > po
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Guiding functions — continuous case

® |2 =f(t,r)] with [feC(RxR" R")

# guiding function : Ve CY{R™R), py>0
(VV(z), f(t,z)) <0 when [lz]| = po
#® Theorem. If o' = f(t,x) admits a guiding function

V. suchthat V(z) - 400 when || — oo,
then it has at least one solution x bounded over R.

#» Krasnosel'skii-Perov (1958)
simpler proof by Alonso-Ortega (1995)
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Guiding functions — continuous case

® |2 =f(t,r)] with [feC(RxR" R")

# guiding function : Ve CY{R™R), py>0
(VV(z), f(t,z)) <0  when |z > po

#® Theorem. If ' = f(t,z) admits a guiding function
V. suchthat V(z) - 400 when || — oo,
then it has at least one solution x bounded over R.

#» Krasnosel'skii-Perov (1958)
simpler proof by Alonso-Ortega (1995)

# corresponding result for difference system
Tni1 — Tn = fn(xy)| O equivalently for discrete

dynamical system |x,11 = g,(z,)| ?
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Guiding function — discrete case

o T+l = gm(Tm) (M eZ) (gm € C(R",R")), m e Z
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Guiding function — discrete case

o T+l = gm(Tm) (M eZ) (gm € C(R",R")), m e Z

# qguiding function : Ve C(R",R), pg>0
Vigm(z)) <V(r) when |z||>py (meZ)
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Guiding function — discrete case

o T+l = gm(Tm) (M eZ) (gm € C(R",R")), m e Z

# qguiding function : Ve C(R",R), pg>0
Vigm(z)) <V(r) when |z||>py (meZ)

® Theorem? If  x,,41 =9gn(znm) (meZ) admitsa
guiding function V' suchthat V(zx) — 4+oco when
|x|| — oo, then it has at least one bounded solution.
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Guiding function — discrete case

o T+l = gm(Tm) (M eZ) (gm € C(R",R")), m e Z

# qguiding function : Ve C(R",R), pg>0
Vigm(z)) <V(r) when |z||>py (meZ)

® Theorem? If  x,,41 =9gn(znm) (meZ) admitsa
guiding function V' suchthat V(zx) — 4+oco when
|x|| — oo, then it has at least one bounded solution.

® this result is false
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Counterexample — 1

1 f < -2
mr+2m+1 If —2<zx<—1
gm(x) = < m 4+ 1 f —1<z<1 (m € 7Z)

—mz+2m+1 If 1<zx<?2
1 f =z >2

. -
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Counterexample — 1

gm ()

1 f <=2
mr+2m+1 If -2<x< -1
m + 1 f —-1<z<1 (m € 7Z)
—mx+2m+1 If 1<x<?2
\ 1 f x>2
&) 1
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Counterexample — 2

g"l(x) m + 1
* I
*—© *—@ »
2 1 2 x
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Counterexample — 2

g"l(x) m + 1

# notice that go(z) =1 (z €R)
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Counterexample — 2

g Ill(x) m + 1

® notice that go(z) =1 (2 €R)

® 1 =qgolrg) =1, x2=0g1(1) =2, 23 =¢2(3) =1, x4 =
g3(1) =4, ..., wop_1 =1, wop =2k (k € Ng, 79 € R)
all solutions are unbounded In the future
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Counterexample — 2

g Ill(x) m + 1

® notice that go(z) =1 (2 €R)

® 1 =qgolrg) =1, x2=0g1(1) =2, 23 =¢2(3) =1, x4 =
g3(1) =4, ..., wop_1 =1, wop =2k (k € Ng, 79 € R)
all solutions are unbounded In the future

® V@)=lz[, |zlzpo=2 = |gm(x)]<|z]
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A discrete guiding function thm

#® Theorem. Let ¢, € C(R",R") (meZ). If

T+l = gm(Tm) (M E€Z)| (*)

admits a guiding function V' with constant pg
and If

sup max ||gm ()] < oo (k%)
meZ ||zl <po

then (*) has at least one solution x = (z,,)mez € (15°)"
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A discrete guiding function thm

#® Theorem. Let ¢, € C(R",R") (meZ). If

T+l = gm(Tm) (M E€Z)| (*)

admits a guiding function V' with constant pg
and If

sup max ||gm ()] < oo (k%)
meZ ||zl <po

then (*) has at least one solution x = (z,,)mez € (15°)"

#® Remark. (**) trivially holds if ¢, = g (m € Z)
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Sketch of the proof

» take p1 > max{po, SUP,,cz MAX |y <y, [|gm ()|}
o define V1 — maX“x“SOl V(Qﬁ)

® take p9 > p; such that

By, C B, C S ={xecR":V(z) <V} C B,
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Sketch of the proof

# take p; > max{po, Sup,,cz max| <, [|gm ()|}
® define Vi = mMax ;< p, V(w)
® take p9 > p; such that

By, C B, C S ={xecR":V(z) <V} C B,

#® showthat S; Is positively invariant under the flow
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Sketch of the proof

L I

take  p1 > max{po, Sup,,cz max|,|<p, ll9m (@)}
define V= mMax ;< p, V(Qﬁ)

take po > p; such that
By, C B, C S ={xecR":V(z) <V} C B,

show that S| Is positively invariant under the flow

for neN and (2"),,>—, the solution such that
2" =10 1S such that

n

zy €51 CB,, (m>-n,neN)
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Sketch of the proof

L I

take  p1 > max{po, Sup,,cz max|,|<p, ll9m (@)}
define V= mMax ;< p, V(Qﬁ)

take po > p; such that
By, C B, C S ={xecR":V(z) <V} C B,

show that S| Is positively invariant under the flow

for neN and (2"),,>—, the solution such that
2" =10 1S such that

n
zy €51 CB,, (m>-n,neN)

use the following limiting lemma to obtain a solution
L= (xm)mGZ S (l%>n
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Another limiting lemma

# Lemma. Assume that g¢,, € C(R",R") (m € Z)
and that there exists p >0 such that, for each
k € N*, the system

1 = gm(m)  (—k <m < k)

has a solution 2% = (2F) _r_1<m<it1, Satisfying
|lzmll < p  (m e Z)

Then there exists a solution 7 = () ;mez € (I7°)"  Of

Tmt+1 = gm(Tm) (m € Z)

such that ||z|lcc < p
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Another limiting lemma

# Lemma. Assume that g¢,, € C(R",R") (m € Z)
and that there exists p >0 such that, for each
k € N*, the system

Tyt = gm(zy)  (=k <m <F)
has a solution 2% = (2F) _r_1<m<it1, Satisfying

|zl <o (meZ)

Then there exists a solution 7 = () ;mez € (I7°)"  Of

Tmt+1 = gm(Tm) (m € Z)

such that ||z|lcc < p
#® continuous case . Krasnosel'skil (1966)
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