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In this talk we will consider the system

—(r"=re(u' () = r"ta(u(r))F(v(r))

(5) (M) = N b(v(r))g(u(r)

where ¢ and 1) are (odd) increasing homeomorphisms of R, R > 0.
a,b,f, g : R — R are continuous functions, such that a(0) = 0, b(0) = 0,
f(0) =0, g(0) = 0. Furthermore f(t) > 0, g(t) > 0, a(t) > 0, b(t) > 0,
for all t > 0. We will be interested in existence of positive solutions.
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By a solution to this system we mean a pair (u,v), u,v € ClN[O7 R],
R >0, ¢(u'(r)),w(v'(r)) € CH[0, R]. such that u, v satisfy (S,).

In case ¢(t) = m(t)t, and ¢(t) = n(t)t, system (S,) provides radial
solutions to the problem

—Ayu=a(u)f(v) inQ,

(S) —Ayv=>bu)g(u) inQ,

where Q = B(0,R) C RV, N > 3, and
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Agu = div(m(|Vu|)Vu),
and
Ayv =div(n(|Vv|)Vv),

called p-Laplace like operators. They are nonlinear, nonhomogeneous
operators which generalize the p-Laplace operator

Apu = div(|VulP~'Vu), p>1.

System (S) does not necessarily have a variational structure. This a first

motivation to study system (S, ).
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By a positive solution to system (3,) we mean a solution that satisfies
u(r) > 0,v(r) >0, for all r € [0, R). To study these solutions we will

consider the following system

—(r"re(u'(r))) = " ra(u(r)F(v(r)])
(Sr)  § — (M rp(v(r) = rNTb(v(r)g(Ju(r)])

u'(0) = v'(0) = u(R) = v(R) =0,

Let (u(r), v(r)) be a non trivial solution of (S,). Then, u(r) > 0,

v(r) > 0 and are non increasing on [0, R).
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Hypotheses

Let us set

¢@:A}mm,w@:1wmm,F@zlvmm

ag—l}mm,mg—llmm,sw—ﬁnmm

(H1) There exists 1 < poo < N, 1 < goo < N, 2o >0, and by, > 0,

such that
S sl
s—+oo ®(s) > s—+oo W(s) bl
. sa(s) . sb(s)
s—IEToc A(S) = doo 4 s—llToo B(S) - boo + L
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Hypotheses

(H2) There exists pg > 1, go > 1, ap > 0, and by > 0, such that

_sé(s) . sy(s)
Im o) — P S'Low) 9o,
I =t Iy =

(H3) There exists > 0, do > 0, p >0, and fi, >0, such that

=000 + 1,

sf(s) sf(s)
oo +1=liminf < limsu
450 F(s) ~ smiot F(s)

sg(s) sg(s) _
Boo T 1= MInt G5y SIMSUP Gy = P T
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Hypotheses

(H4) There exists §, > 0, dg > 0, ty >0, and g > 0, such that

.. sf(s) .. sf(s) =
= < =
Sg+1 "Ql,'{}f Fs) _IlT_s:(L)lp F(s) 0o+ 1,
s8(s) _ sg(s) Y

1 =liminf li
b+ =100 G5 = "TP Gs)
(H5) It holds that

6ooﬁoo > (Poo —deo — 1)(qoo — b — 1)7

and
dopty > (Po — a0 — 1)(qo — bo — 1).
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Hypotheses

Let us consider the algebraic system for the unknowns (£, E;),

(poo — doo — l)El - éooE2 = —Poo;

—HOOE;[ + (qoo = [0se = 1)E2 = (oo, (1)
with solution

600&00 - (poo — doo — 1)(%0 - boo - 1)’

E =

and
Goo(Poc — @co — 1) + Poo b

E, = .
2 5ooﬁoo = ({Bhe = 2ls = L)(@ha = ks = 1]

We will assume
(H6)

“max {(E; — N‘”°°),(E2 — M)} > 0.

i=1,...,n Poo — 1 Qoo — 1
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Main Theorem and examples

Theorem (Joint work with Marc Henrard)

Under hypotheses (Hy)-(Hs), problem (S,) has a solution (u, v) such that
u(r) >0, v(r) >0, for all r € [0, R).

We will show some consequences of this theorem.

Example 1. Consider the problem

—(r" e (' (n)) = NN v(r)

(Sp.a)  § —(r""loq(v/(r)) = r"H(u(r) [~ u(r)

where ¢,(t) = [t|P~2t, p > 1.
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Main Theorem and examples

In Communications in PDE 18 (1993), 2071-2106, Clément, myself and
Mitidieri, proved the following result.

Theorem (CMM)

Under the assumptions

N > max{p, q}7 (;:U’ > (P — 1)(q — 1)7 5 > 07 H > 07 (2)
and
N—-p N—gq
max{alfﬁ, 27q7}>0 (3)
where
(g—1)+qd

_ qlp=1)+pu
T e =% G De-n> ¥

then problem (Sp q) has a solution (u,v), such that u(r) > 0, v(r) > 0,
for all r € [0, R).

a1 =
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Main Theorem and examples

The proof of this theorem uses a nonexistence of positive solutions to
obtain a-priori bounds, combined with Leray-Schauder degree results.

In few words the argument goes like this. One begins assuming by
contradiction that solutions are not a-priori bounded and hence there is a
sequence of positive solutions (ug, vk) such that either

t, = ||Uk|| = Uk(O) — 00 Or Sk = HVkH = Vk(O) — 00,

and define a change of variable, rescaling, of the form y = ~,r and

07— “;kﬁf), il = ”,j&?.,

where
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Main Theorem and examples

Then, (wk, zx) satisfies

—(" (Wi (v)) =y " rz(y)’ v v € (0, Ryk),
—(yN (i (v)) = yN Twi(y)" vy € (0, R),

w;(0) = z,(0) = wi(Ryk) = v(Rv) =0,

and ' = d%. Also

€1 =0y —ay(p—1)—p, and € =pa;—a(g—1)—gq.

It turns out that €; = 0, and e, = 0, and thus the equations for (wy, zx)
look the same as those for (uk, vk), but in a different interval that gets
larger with k. For T > 0, we let k large so that Ry, > T.

Then one can show that there is a subsequence, renamed the same, such

that
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Main Theorem and examples

(wk, zx) — (W, 2), that satisfies

—(yN e (W (y))) =y t2(y)® ye(0,T),

(Lim) § =" eq(2'() =y w(y)* ¥y (0, T),

and such that wy(y) > 0, 2¢(y) >0, y € [0, T].

A diagonal argument then shows that (W, 2) can be extended to [0, c0)
and satisfy (Lim) for all y € (0, 00). Furthermore W (y) > 0, 2x(y) > 0,
y € [0, 00).

But this in contradiction with the following nonexistence of positive
solutions result that was proved in Communications in PDE 18 (1993),
2071-2106, by Clément, myself and Mitidieri.
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Main Theorem and examples

Theorem (Non Existence)

Consider the following system
—(N (W (v)) = ¥V t2(y)’ y € (0,00),
(Liv) 4 =" 0q(2'(v))) = ¥y tw(y)*  y €(0,00),

W' (0) = 2/(0) = 0.

If (2), (3), and (4) hold, then system (Liu) does not have a positive
solution.

In this form we have sketched a proof for the existence of positive
solutions for system (S, q).

With the notation of the general case, we have

¢(s) = Is|P"%s (s) = |s|77%s,
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Main Theorem and examples

with corresponding primitives

|s[? [s]7
O(s) = — VY(s)=—
() =" V) =7,
|s|5+1 |S|u+1
F = — = = B =
() o+1 p+1’ ()=s, Bls)=s

Thus, conditions (Hy), (H»), become
Po=Po=pP>1, Guo=qo=9g>1 ax=2a =0, bu=0b =0

Conditions (H3), (Ha), results as

=5 +1,
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Main Theorem and examples

Finally, the solution for system (1), is given by £y = a3 and E; = ap, and
hence condition (Hg) is exactly (3).

Is plain clear that Theorem 2 is just a particular case of Theorem 1.

Example 2. Following essentially the same ideas, Clement, Fleckinger,
Mitidieri and de Thelin, JDE 166, 455-477 (2000), extended Theorem 2,
to the case

(MW ()Y = (D)

Bra) (M 2ga V(D)) = vl (u() ()
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Main Theorem and examples

They obtained existence of positive solutions under the basic conditions
N > max{p,q}, dp>(p—-1-a)(g—1—b), 6>0, x>0, (5)

one of the following assumptions hold

p—1—a>0, g—1—-b>0, (6)
and
N—-p N —
= =0 -1 > 7
max{as — ——2 02— ——1} >0, 7)
where now
—1-—5b 1) —1-
ay — p(q )+4q and ap = q(p a) + pp

p—(p—1-a)(g—1-0b) op—(p—1-a)g—1-b)
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Main Theorem and examples

Example 3. Garcia-Huidobro, Guerra, and myself in AAA 3(1998)
997-1014, considered a version of system (S,), indeed the case of a cyclic
system of the form
(D) —(r" 2 ei(ui(r))) = r"Hi(uia(r)) r € (0,R)
U,/(O) SO U;(R),

where it is understood that v, = u.

Here for i = 1,..., n, the functions ¢; are odd increasing
homeomorphisms from R onto R and the f; : R — R are odd continuous
d

functions such that sfi(s) > 0 for s # 0. Also ' = .

The case n = 2, is a particular case of system (S,). With the notation for
the general case the conditions we used (for problem (D)), translate as
follows: conditions (Hy), (Hz), become

Poo > 1,P0 > 17 oo > ]-7 qo > 17 a(t) = 17 b(t) = 17

and hence a,o = a9 =0, by = by=0.
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Main Theorem and examples

Conditions (Hs), (Hs), become respectively

im Fgy =oeh Jim E =t &
lms’f((ss)):(soﬂ, Slm)sg((ss)):quFL (10)

where doo > 0, fioo > 0, dg > 0, and o > 0. Condition (Hs), is given by
the two expressions

Ooo fhoo > (Poo - 1)(qoo - 1)7

and
dopto > (Po — 1)(qo — 1)
Then in AAA, we proved the following result
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Main Theorem and examples

Suppose the following additional conditions po, < N, gso < N, and that
condition (He) holds, i.e.,

where now
E, = — Poolo0 = 1) + Goodeo
Joollos — (poo - 1)(q<x> - 1)’
and
E, — qOO(poo — 1) + Poo oo
> =

doofloo — (poo - 1)(qoo - 1) .

Then problem (D) has a positive solution.

The proof of this theorem uses a blow-up technique to get the a-priori
bound combined with the same nonexistence of positive solutions
theorem of example 1 with § = d and = fico-
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Main Theorem and examples

The blow up is done with a sort of implicit rescaling an improvement of
which we will explain later.

Example 4. Examples 1, 2 have in common that the functions on the
right hand side are increasing, while Example 3 uses conditions (9) and

(10).
In this form for functions like

f(s) = (sins +2)s°, g(s) = (coss + 2)s", (11)

the theorems in those examples do not apply. In this case both f and g
are nonincreasing and do not satisfy (9) and (10). Indeed, one can prove

that
o+1 . sf(s) sf(s) 3(6+1)
— = f [ = .
S F(s) < M) 2
p+l o osg(s) sg(s) _ 3(p+1)
2 I;rﬂnf;i G(s) < llgilcjx? G(s) 2
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Main Theorem and examples

Hence
0—1 w—1 = 36+1 3u+1
éoo = Qa5 ,U, = K5 0o — T A 0o — o
2 00 2 2 2
Furthermore
. sf(s) . sg(s)

Then from our main theorem we get the following result. Consider the
system

—(r"1p(u'(r))) = N7 (v(r))
(P) =" toq(v'(r))) = N~ g(u(r))

u'(0) = v/(0) = u(R) = v(R) = 0.
where f and g are as in (11).
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Main Theorem and examples

Theorem

Under the assumptions

N > max{p, q}7 (5 - 1)(/”‘ 7 1) > 4(p - 1)(q - 1)& ] > 17 M > 1,
and
N — N —
max{El—fiEz q}>0

then problem (P) has a solution (u,
all r € [0, R).

v), such that u(r) >0, v(r) > 0, for

v

Here
£ — 4p(g —1) +2q(6 — 1)
(6-(p-1)-4p-1)(g-1)
E, — 4q(p—1) +2p(p —1)
(6-=(p—-1)-4p-1)(g—-1)

Raiil Manasevich
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A-priori bounds

In extending the blow up method to our situation it turns out that a key
step is to find a solution (x,y) in terms of s (for s near +00) to the
system

F(y)A(x) = y®(xs)  G(x)B(y) = xV¥(ys)

In this respect we can prove the following.

Lemma

Assume (H1-H5), then there exists diffeomorphisms
a:[s9,00) = [x°,00) and 3 : [sp,00) — [y°, 0),

such that for all s € [sp, 00),
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A-priori bounds

The functions «, 3 play the role of rescaling variables.

In the case of Example 1, that is when ¢(s) = |s|P~2s, 9(s) = |s|92s,
f(s) = |s|° s, and g(s) = |s|* s, for s > 0, one can prove that

p(g—1)+d5p
()((5) = Clsﬂuf(pfl)(afl),

and
—1)+6u

(
B(s) = GosT -G,
where Ci, G, are constants ( independent of s).

We notice that the exponents on the right hand side are exactly a; and
ay in Example 1.
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A-priori bounds

Sketch of the proof of the Main Theorem. We consider the following
system

—(r" 1o (u'(n)) = r"ta(u(r)(F(Iv(r)] + Ah)
(8r) =" e(v(n)) = = tb(v(r))g(Ju(r)])

u'(0) = v/(0) = u(R) = v(R) =0,

where A € [0,1], and h is a positive parameter that has been fixed such
that (S,) does not have solutions in a ball B(0, R;) C C[0, R]. This
yields that the Leray-Schauder degree of a certain is zero.

The proof continues by contradiction, suppose that there exists a
sequence of solutions {(uk, vk), Ak)} € C[0, R] x C[0, R] x [0,1] such
that ||(uk, vk)|| — oo.
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A-priori bounds

Then, in the first place, one can prove that ||uk|| — oo and ||vk| — oo,
and then by taking a subsequence, if necessary, one can assume
HUkH > So and ||Vk|| > S0

Define

e = a " (luell) + B~ (lIvill)
and

tk = (), sk = B(w)-
Then v, — 400 and

ol <ty (vl < s

Define the change of variables y = ~,r,
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A-priori bounds

Clearly
W <1, Jzdy)l <1,

for all y € [0,7xR]. In terms of these new variables the problem (S,)
becomes

!

("l o(tenwi(v)) = yN“ﬂ% [a(tkwic(y))F (k|2 (y)]) + Awch] -

~M s = YV e e (e ))-

Tk

Wi(0) = 0 = wi(R),  24(0) = 0 = z(wR).

Let now T > 0 be fixed and assume that xR > T. Then,

wi(y) <0,  z(y) <0,  wi(y)>0,  z(y)>0,

for all k € N and for all y € [0, T].
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A-priori bounds

One can prove that the sequences (W, )ken. (2 )ken are bounded in
C[0, T], and then by Arzela-Ascoli theorem, passing to a subsequence,
one obtains that

wk — w, zx—z in C[0,T].

Now, from

1 ~1(4, _ a M (tiwk(0)) | B (tkzk(0))
1—%( (tew(0)) + B~ (tkzx(0))) a1(t) RO

one can prove that
1< w(0)YE + z(0)/E,

which implies that (w, z) is not identically zero.
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A-priori bounds

One can furthermore prove that w, z are C1[0, T] and that for a.e.
y€[o,T],

CyNtw(y)?=z(y)2= < —(y"op. (W' (¥)))

< CyNtw(y)ez(y)0= (12)

and
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A-priori bounds

where

Joo + 1\ (0s +1)(acs +1)
_:(Sooil) +Pooa .

)

300 + 1) (0o +1)(a0e + 1)

C+:(éoo+1 Poo

9

E (goo - 1) (b +1)(boo + 1)
P +1 oo

and

C+_(Hoo+1) Joo ’
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A-priori bounds

A diagonal argument shows that (12) and (13) hold for all y € [0, o0).

In addition one can show that the functions

Mu(y) = yw'(y) + - N fof w(y),
and .
/\/lz(y):yZ’(yH j? z(y)

are nonnegative and nondecreasing for y > 0. In particular, the functions

N—p

yr=Tw(y) and y=Tz(y)

are nondecreasing on [0, o).
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A-priori bounds

The argument continues until one gets

E—D=p

yETemT < €, forally > yp.

Since, similarly

Esz*ro
y7? a1 < C, forall y > y,

we find that
N—gqg

y e E-CE-S=DY < € forall y > v

Pc

By (H6), this is a contradiction, and hence solutions to (S,) are a-priori
bounded.
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