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Selfadjoint Operators — Known Results

The FucCik Spectrum
Y(L) :={(a,3) € R*: Lu = au’ — Bu" has a nontrivial solution} ,

where

ut = max{u,0}, u” :=max{—u,0}.
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The FucCik Spectrum
Y(L) :={(a,3) € R*: Lu = au’ — Bu" has a nontrivial solution} ,

where

ut = max{u,0}, u” :=max{—u,0}.
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Selfadjoint Operators — Known Results

The FucCik Spectrum
) :={(a,8) € R*: Lu=au’ — Bu~ has a nontrivial solution} ,

where

ut = max{u,0}, u” :=max{—u,0}.

v

Let L : dom(L) C L?(Q) — L?(Q) is a self-adjoint operator, let @ ¢ RY is open
and bounded.

Lu =

a+ 3 a—p
5 u+ 5 [u|

Lu= (A+en)u+ eyl

\4

Let A € 04(L) = o(L). For e # 0, we have

{ u=Pu+e(L— )" [(I = P)(Jul +nu)] + P(lu] + nu),

hull? = 1. @
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Selfadjoint Operators — Known Results

The Local Existence of ¥(L) Close to the Diagonal
Definition
Let us define the functional P : dom(P) C L*(Q) — R

dom(P) := ker(L — AI), P(z) = (|z|, 2) .
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Selfadjoint Operators — Known Results
The Local Existence of ¥(L) Close to the Diagonal
Definition
Let us define the functional P : dom(P) C L*(Q) — R

dom(P) := ker(L — AI), P(z) = (|z|, 2) .

Theorem (Ben-Naoum, Fabry and Smets)

Let A € 0q(L). Assume that u # 0 a.e. in Q for all u € ker(L — AI) \ {0} and that the
functional P, restricted to the unit sphere, has a stationary point z,. Moreover, let us
assume that the following nondegeneracy condition is satisfied at this stationary point
20

y € ker(L — XI), {(z0,y) =0, P(sgn(z0)y) = (|z0],20)y = y=0. (ND1)

Then, there exists a neighborhood ¢/(0) C R of 0 and two continuous mappings
n:U(0) — Rand u : U(0) — dom(L) C L*() such that

u(0) = =z,
n(0) = —{zl 20),
Lu(e) = celule)|+ A +en(e))ule), |ule)|=1 for e € U(0).
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The Local Existence of ¥(L) Close to the Diagonal
Definition
Let us define the functional P : dom(P) C L*(Q) — R
dom(P) := ker(L — AI), P(z) = (|z|, 2) .
For dimker(L — AI) > 2, (ND1) can be replaced by
max{P(z) : z € V(20)} = P(20), P(z2) <P(z0) Vze€dV(20),

min{P(z) : z € V(20)} = P(20), P(z)>P(z0) VzedV(2),
(NDL)

3V(z0) C S such that {

where S is a unit sphere in ker(L — \I).
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u(0) = =z,
n(0) = —{zl 20),
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Selfadjoint Operators — Known Results
The Local Existence of ¥(L) Close to the Diagonal
Definition
Let us define the functional P : dom(P) C L*(Q) — R

dom(P) :=ker(L — XI), P(z) == (|z],2) .
For dimker(L — AI) > 2, (ND1) can be replaced by
max {P(z) : z € V(20)} = P(20), P(z2) <P(z0) Vze dV(z0),

min{P(z) : z € V(20)} = P(20), P(z)>P(z0) VzedV(2),
(NDL)

3V(z0) C S such that {

where S is a unit sphere in ker(L — \I).

y € ker(L — XI), {(z0,y) =0, P(sgn(z0)y) = (|z0],20)y = y=0. (ND1)

Then, there exists a neighborhood 2/(0) C R of 0 and twr ~nmtinnen mann o
n:U0) — Rand u: U(0) — dom(L) C L*(Q) such tha i SRR A s e e

wo) = = = e
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Selfadjoint Operators — Known Results

The Existence of >(L) Away from the Diagonal

Theorem (Ben-Naoum, Fabry and Smets)

Let E C R and ug, ao # Bo be such that (ao, Bo) € (E x E) N X(L),
Luo = apud — Boug , ||uol| = 1. Moreover, let

> the equation Lu = Au has no solution of a constant sign for A € F,
> the nondegeneracy condition (ND2) holds for («, 8) = (a0, Bo),

» dom(L) C LP(f2) for some p > 2 and the injection is continuous when dom(L) is
equipped with the graph norm.
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Selfadjoint Operators — Known Results

The Existence of >(L) Away from the Diagonal

Nondegeneracy Condition:

For any u # 0 verifying Lu = oaut — Bu—, we have I
u # 0 a.e.on Qand dimker [L — (aXfu>o0} + ﬁx{u<0})1} =1. ( )

> the nondegeneracy condition (ND2) holds for («, 8) = (a0, Bo),

» dom(L) C LP(f2) for some p > 2 and the injection is continuous when dom(L) is
equipped with the graph norm.
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Selfadjoint Operators — Known Results

The Existence of >(L) Away from the Diagonal
Nondegeneracy Condition:

For any u # 0 verifying Lu = oaut — Bu—, we have

. (ND2)
u # 0 a.e.on Qand dimker [L — (aX{u>0} + ﬁx{u<0})1} =1.

the nondegeneracy condition (ND2) holds for (a, 8) = (a0, Bo),

dom(L) C L?(Q2) for some p > 2 and the injection is continuous when dom(L) is
equipped with the graph norm.

Then, there exist neighborhoods A(ao) C R, B(6o) C R, U(uo) C dom(L) and
continuous mappings 8 = B(«) : A(ao) — B(Bo), and u = u(a) : A(ao) — U(uo)
such that

ﬁ(ao) = ﬁo and U(Oco) = Uo,
Lu(a) = au™ (a) — B(a)u™ (a) with ||u(a)|| = 1 for a € A(ao),
Lu = au™ — Bu™ with |jul| = 1 and u € U(uo), a € A(ao), 3 € B(Bo) =
u = u(a) and 8 = B(«).
Moreover, the function 3 = 3(«) is differentiable at ap and 8’ (ao) = 7% < 0.
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Selfadjoint Operators — Known Results www.KMA.zcu.cz

Example 1
{ ulV(z) + (m? +n?)u (z) = aut () — pu— (), =€ (0,n),

2
u(0) = u”’(0) = u(w) = v’ (7w) = 0. @

The Fucik Spectrum Structure Hejnice, September 16 — 20 7118



Selfadjoint Operators — Known Results

Example 1
ulV (@) + (m? + n?)u’ () = aut (z) — fu” (z), @ € (0,m), )
u(0) = w”’(0) = u(w) = (7) = 0. @
a=p=-m?n?, m=5n=09,
z9(x) = @1(x) cos ¥ + pa(x)sin,
9 € [0, 27). B
0.55
P(z9) o
0
ey 9 on N
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Example 1
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Example 1
{ uV (@) + (m? + n?)u’ (@) = aut (@) - fu (@), @€ (0,m), @
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Example 1
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Selfadjoint Operators — Known Results

Example 1
{ ulV (@) + (m? + n?)u’ () = aut (z) — fu” (z), @ € (0,m),
u(0) = w”’(0) = u(w) = (7) = 0.

www.KMA.zcu.cz

@

VAR Y

VYV Y

a=p=-m?n?, m=5n=09,
zy(z) = @1(x) cosV + p2(x)sind,
¥ € [0,2m).
0.55
P(z9)
0
P4
P5
—008 0 Y 27
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Selfadjoint Operators — Known Results
Example 2

www.KMA.zcu.cz
—(ut(z,t) — ugz(z,t)) = aut (z,t) — fu=(z,t)
{ u(0,t) =u(m,t) =0,

u(z,t) = u(z, t+ 1),

(z,t) € (0,7) xR,
t €R,

3
(z,t) € (0,m) X R,

The Fucik Spectrum Structure

=)

E ©aQe
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Example 2

—(ut(z,t) — ugz(z,t)) = aut (z,t) — fu™(z,t),
u(0,t) = u(m,t) =0,
u(z,t) = u(z,t +T),

(z,t) € (0,7) x R,
t €R, )
(z,t) € (0,7) x R,

D, \\g
z9(x,t) == @1(x,t) cos I+pa(z,t)sind, Jé;
¥ € [0, 2m).
0.8 T=m
P(z9)
a
0
-0 0 9 27
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Example 2

—(ut(z,t) — ugz(z,t)) = aut (z,t) — fu™(z,t),
u(0,t) = u(m,t) =0,
u(z,t) = u(z,t +T),

(z,t) € (0,7) x R,
t €R, )
(z,t) € (0,7) x R,

D, \\g
z9(x,t) == @1(x,t) cos I+pa(z,t)sind, Jé;
¥ € [0, 2m).
0.8 T=m
P(z9)
a
0
-0 0 9 27
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Selfadjoint Operators — Known Results

Verification of Explored FucCik Curves

» ECR, ENo(L)={\,..., \p} A
> Z =@l ker(L — N\I)
» P — orthogonal projection onto Z
Lemma ‘
Let (a,3) € E X E, a # (. o
(a,8) € B(L) <= 3Jwu € L*(Q) suchthat Pu # 0 and that
<|u|7 901'> =0 for <u7 ‘Pi> =0,
(Jul, i) _ X — 252
= for (u, p; 0,
(s 1) = (u, i) #

for every eigenfunction ¢; € ker(L — \;I), i =1,...,p.

Hejnice, September 16 — 20 9/18
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Four-Point BVP B

{ —u(z) = au™(x) — Bu” (), =€ (0,7), 77%
’U/(O) = u/(g)v u(n) =u(r), £€(0,m), ne,m). §

The Fucik Spectrum Structure Hejnice, September 16 — 20 11/18



Non-Selfadjoint Operator for the Four-Point BVP

Four-Point BVP

DN
{ —u(z) = au™(z) — Bu” (z), LT, n i
u’(O) = u/(g)v U(W) = u(ﬂ—)’ 1 (07 7T)’ ne (Ovﬂ—)' i
Definition La H T H !
Let us define the following operators b LoV , i
[PE e [Pnie———— >
Lu = Ly = LMy := LMy := L%y := —u” I } } } } |
0 £ n ntm ™
for &,n € (0,m) by 2 2
D(L):=={ue C*([0,n]): ' (0)=2(€), wu(n)=ulr) }
D (L) :={ue C*([0,n]): /'(0)=u'(€), wu(0)=u(&) }
D (L) :={ue C*([0,n]) : u'(n) =u/(m), u(n) =u(r) },
D (L™):={ueC?*(0,n]): u(§)=0, o (ET)=0 1},
D (Lsp) ={uec C*([0,7]): u'(0)='(¢), (T’JFT’T) =0, u(0)u(€) <O0}.
Hejnice, September 16 — 20 11/18




Non-Selfadjoint Operator for the Four-Point BVP

Four-Point BVP

Remark
The spectra of L*¢, L*” and L™ are pure point discrete spectra made only of
the following real eigenvalues

2 2 2
APE = (%Tﬂ) AT (%) and AN .= (%) , k,1,m € No,

and
o(L) = o(L) Ua (L") Ua(L™).

Hejnice, September 16 — 20 11/18



Non-Selfadjoint Operator for the Four-Point BVP

Four-Point BVP

Remark

The spectra of L*¢, L*” and L™ are pure point discrete spectra made only of
the following real eigenvalues

2 2 2
g (L’?) AR = (75”2) and A= (7?1;17)2)  k,1,m € No,
and

o(L) = o(L) Ua (L") Ua(L™).

> o(L*®) = o(L™),
> o(LP) =o(L™) forn=m—¢.

Hejnice, September 16 — 20 11/18
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Four-Point BVP Wl n=m—2¢

EDN
{ —u(z) = au™(z) — Bu” (x), =€ (0,m), n
u (0) =u (5), “(77) = u(ﬂ-)7 S (07 7T), ne (0771-)' ED p
DN a=0=X\
Af /)\ A

=

The Fucik Spectrum Structure Hejnice, September 16 — 20 11/18



Non-Selfadjoint Operator for the Four-Point BVP www.KMA.zcu.cz

Four-Point BVP Wl__’_/_if_:_?_

EDN
{ —u(z) = au™(z) — Bu” (x), =€ (0,m), n
u (0) =u (5), “(77) = u(ﬂ-)7 S (07 7T), ne (0771-)' ED p
DN a=0=X\
Af /)\ A

=

el

0 & =27/3 T
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of the FuCik Spectrum

L, . . .
L3p? :

ELDN

I T 1 ] ] 1
IR

> o(L) =o(LF) Ua(LP) Ua(L™),

VB

i
¥
e

Vi
i
s

DN
e
.
DN 133
S S
DN —
¢
DN
. 1
P¢
o 5_55 cre
0 DN P
Co * 054 Cg
che
4
DN —
Co
5. S(D)N
SP
0

VARV
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of the FuCik Spectrum

L, v . .
L3P :
ELDN
I T 1 ] ] 1
o § & mzoT

> o(L) =o(LF) Ua(LP) Ua(L™),

297
> N(L) = S(LF)US(LP)us(L™),

VB

i
¥
e

Vi
i
s

DN
e
.
DN P,
S Sg¢
oo
1
. S?N
S
5 P&
SDN . . Cq
0 Cg"+ 345 LP,
L 75
che
4
DN —
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5. S(D)N
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0
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of the FuCik Spectrum

L, v . .
L3P :
ELDN
I T 1 ] ] 1
o § & mzoT

> o(L) =o(LF) Ua(LP) Ua(L™),

297
> N(L) = S(LF)US(LP)us(L™),

> N(L) = S(LP") forn =7 —¢.
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of the FuCik Spectrum

L, . . :
L3pt ) - : . :
oo : : d :
L 1
I T T T ) 1
0 % 3 n ntm T v

o(L) = (LX) Uo(LP") U o(L™),

777
Y(L) = S(LF)UX(LP)uxn(I™),

S(LF) = 2(LP) forn=m — €.

Ja

Hejnice, September 16 — 20 13/18



Non-Selfadjoint Operator for the Four-Point BVP
Construction of the FuCik Spectrum

Theorem
The Fucik spectrum of the four-point problem (4) is given by

S(L) = S(LP) US(LP) U S(L%).
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of the FuCik Spectrum

Theorem

The Fucik spectrum of the four-point problem (4) is given by
(L) = 2(LP) US(LP) U (L*).
Proof

> S(L) C S(LFS) U (L) U S(L)
> (L) D S(LF) UX(LP") U S(L%)

Hejnice, September 16 — 20
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of the FuCik Spectrum
Theorem
The Fucik spectrum of the four-point problem (4) is given by

S(L) = S(LP) U S(LP) U S(L%).

Proof
> S(L) C S(LFS) U (L) U S(L)
> (L) D S(LF) UX(LP") U S(L%)

> Leta,3 > 0andu € C%([0,7]) be the nontrivial solution of —u" = cu™ — Bu~
n (0, 7). Then the following statements hold (z1,z2 € [0, 7]):

b Ifu(zr) = u(x2) then ' (z1) = o' (z2) or u'(z1) = —u'(22). (5)
> u(w1) = u(xz) and u'(z1) = —u'(z2) if and only if u'(21322) = 0. (6)
> Ifu/(z1) = o' (22) and u(zy)u(z2) > 0 then u(z;) = u(xa). @)

(]

Hejnice, September 16 — 20 14/18



Non-Selfadjoint Operator for the Four-Point BVP

Construction of X(L°%P)
VB
zi1z1/\T1 E xo xo 12
Proposition
The Fugik spectrum of L*® on RT x R* is given by Ve
s(®) = or where C* := | | (Csp+ Sl ), I € No,
1eNg k€Ng

and where we define for k, 1 € Ng
e = {(@B) eSS (B,0) el

T+n __
e = o esitnon. | o = Pal@d) forkteven |
: T — Fe(B,) for k+1odd

27
¢ VB -k l+k+1
Ferlenf) = 2 B T ava T 2B

Hejnice, September 16 — 20
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Non-Selfadjoint Operator for the Four-Point BVP

Construction of X(L°%P)
. VB
0 =
2 K
Proposition
The Fugik spectrum of L*® on RT x R* is given by Ve
S(r®) = Jer wherec = [ (G UCE ), 1eN,
1eNg k€Ng
and where we define for &, « Kmax_y
= {ame, o= U (). e
’ P

35 = <
3

Y B i = B E s

Fri(a, B) == TR,

Gre]

Hejnice, September 16 — 20
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251

Qualitative Properties of X(L3P)

2
va

The Fucik Spectrum Structure

30

[m]

& =
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Quialitative Properties of 3 (L°P) =T
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Non-Selfadjoint Operator for the Four-Point BVP

Qualitative Properties of X(L3P) do=r¢
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VB

/1

L

Conclusion of the Construction
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Conclusion of the Construction

A

Remark Va

VB

/

> Since o(L*®) = o(L™) but ©(L%) # %(L™), we conclude that

BN
=
[

(P UG(LPMUa(L®) = o(LF)Uo(LP) Ua(l™),
S(IPYUS(LPYUS(L®) £ S(LP)US(LP)u n(L™).

> The Fucik spectrum X(L™) determines the intersection of £(L**) and X(L%):

S(LP)NB(LF) = 2(L™) N2(L) onRT x RY.

The Fucik Spectrum Structure Hejnice, September 16 — 20 17/18



Non-Selfadjoint Operator for the Four-Point BVP

Conclusion of the Construction

Remark
> Since o(L%) = o(L™) but Z(L%*) # 3(L"™), we conclude that

O'(Lpg) U O(LP") U U(LBP) = U(Lpg) U J(LP") U] cr(LDN),
S(LFPHOUS(LPMUS(L®) # Z(LP)UX(IP)u (™).

Y
=
Il

> The Futik spectrum X(L™) determines the intersection of (L") and X(L*®):

N(LP) N S(L7) = D(ILM) N S(LF) onRY x R

Hejnice, September 16 — 20 17/18
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