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u′′′(t) = −p(u)(t) + g(u)(t) + q(t) (1)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g : C([a, b]; R) → L([a, b]; R) are linear nondecreasing operators (p, g ∈ Pab)

q ∈ L([a, b]; R), ci ∈ R (i = 1, 2, 3)

Solution:

u : [a, b] → R

u, u′, u′′ are absolutely continuous (u ∈ eC2([a, b]; R))

u satisfies (1) almost everywhere on [a, b]

u satisfies (2)
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Definition

Let ` : C([a, b]; R) → L([a, b]; R) be a linear operator. Then ` ∈ V([a, b]) iff

u ∈ eC2([a, b]; R),
u′′′(t) ≤ `(u)(t) for t ∈ [a, b]

u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

9=; =⇒ u(t) ≥ 0 for t ∈ [a, b]

Definition

Let ` : C([a, b]; R) → L([a, b]; R) be a linear operator. Then ` ∈ V0([a, b]) iff

u ∈ eC2([a, b]; R),
u′′′(t) ≤ `(u)(t) for t ∈ [a, b]

u(a) = 0, u(b) = 0, u′(a) ≥ 0

9=; =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If ` ∈ V([a, b]) or ` ∈ V0([a, b]) then

u′′′(t) = `(u)(t); u(a) = 0, u(b) = 0, u′(a) = 0

has only the trivial solution.

Remark. Obviously V([a, b]) ⊆ V0([a, b]). Moreover, if −` ∈ Pab then

` ∈ V([a, b]) ⇐⇒ ` ∈ V0([a, b]).
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v ∈ eCa( ]a, b[ ; R) ⇐⇒

8<: v ∈ eC2
loc( ]a, b[ ; R) ∩ C([a, b]; R)

∃ v′(a+)

Theorem

Let p ∈ Pab. Then −p ∈ V([a, b]) if and only if there exists γ ∈ eCa( ]a, b[ ; R) such that

γ(t) > 0 for t ∈ ]a, b[ , γ′(a+) ≥ 0,

γ′′′(t) ≤ −p(γ)(t) for t ∈ [a, b],

γ(a) + γ(b) + γ′(a+) + meas
˘
t : γ′′′(t) < −p(γ)(t)

¯
> 0.

Proof.
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Sufficiency:

u′′′(t) ≤ −p(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

λ
def
= sup

n
−u(t)

γ(t)
: t ∈ ]a, b[

o
> 0; w(t)

def
= λγ(t) + u(t) for t ∈ [a, b]

Studying properties of w, we get a contradiction.



v ∈ eCa( ]a, b[ ; R) ⇐⇒

8<: v ∈ eC2
loc( ]a, b[ ; R) ∩ C([a, b]; R)

∃ v′(a+)

Theorem

Let p ∈ Pab. Then −p ∈ V([a, b]) if and only if there exists γ ∈ eCa( ]a, b[ ; R) such that

γ(t) > 0 for t ∈ ]a, b[ , γ′(a+) ≥ 0,

γ′′′(t) ≤ −p(γ)(t) for t ∈ [a, b],

γ(a) + γ(b) + γ′(a+) + meas
˘
t : γ′′′(t) < −p(γ)(t)

¯
> 0.

Proof.

Necessity:
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The function γ has the properties required.



` : C([a, b]; R) → L([a, b]; R) is an a-Volterra operator if for every c ∈ ]a, b]

u(t) = 0 for t ∈ [a, c] =⇒ `(u)(t) = 0 for t ∈ [a, c]

`(u)(t)
def
= h(t)u(τ(t)), h ∈ L([a, b]; R), τ : [a, b] → [a, b]

` is an a-Volterra operator ⇐⇒ |h(t)|(τ(t)− t) ≤ 0 for t ∈ [a, b]

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ [a, b[ , β′(t) ≤ 0 for t ∈ ]a, b[ ,

β′′′(t) ≥ g(β)(t) for t ∈ [a, b].

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V0([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ ]a, b[ , β′(b−) ≤ 0, β′′′(t) ≥ g(β)(t) for t ∈ [a, b].



` : C([a, b]; R) → L([a, b]; R) is an a-Volterra operator if for every c ∈ ]a, b]

u(t) = 0 for t ∈ [a, c] =⇒ `(u)(t) = 0 for t ∈ [a, c]

`(u)(t)
def
= h(t)u(τ(t)), h ∈ L([a, b]; R), τ : [a, b] → [a, b]

` is an a-Volterra operator ⇐⇒ |h(t)|(τ(t)− t) ≤ 0 for t ∈ [a, b]

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ [a, b[ , β′(t) ≤ 0 for t ∈ ]a, b[ ,

β′′′(t) ≥ g(β)(t) for t ∈ [a, b].

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V0([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ ]a, b[ , β′(b−) ≤ 0, β′′′(t) ≥ g(β)(t) for t ∈ [a, b].



` : C([a, b]; R) → L([a, b]; R) is an a-Volterra operator if for every c ∈ ]a, b]

u(t) = 0 for t ∈ [a, c] =⇒ `(u)(t) = 0 for t ∈ [a, c]

`(u)(t)
def
= h(t)u(τ(t)), h ∈ L([a, b]; R), τ : [a, b] → [a, b]

` is an a-Volterra operator ⇐⇒ |h(t)|(τ(t)− t) ≤ 0 for t ∈ [a, b]

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ [a, b[ , β′(t) ≤ 0 for t ∈ ]a, b[ ,

β′′′(t) ≥ g(β)(t) for t ∈ [a, b].

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V0([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ ]a, b[ , β′(b−) ≤ 0, β′′′(t) ≥ g(β)(t) for t ∈ [a, b].



` : C([a, b]; R) → L([a, b]; R) is an a-Volterra operator if for every c ∈ ]a, b]

u(t) = 0 for t ∈ [a, c] =⇒ `(u)(t) = 0 for t ∈ [a, c]

`(u)(t)
def
= h(t)u(τ(t)), h ∈ L([a, b]; R), τ : [a, b] → [a, b]

` is an a-Volterra operator ⇐⇒ |h(t)|(τ(t)− t) ≤ 0 for t ∈ [a, b]

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ [a, b[ , β′(t) ≤ 0 for t ∈ ]a, b[ ,

β′′′(t) ≥ g(β)(t) for t ∈ [a, b].

Theorem

Let g ∈ Pab be an a-Volterra operator. Then g ∈ V0([a, b]) if and only if there exists

β ∈ eCa( ]a, b[ ; R) such that

β(t) > 0 for t ∈ ]a, b[ , β′(b−) ≤ 0, β′′′(t) ≥ g(β)(t) for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Proof.

u′′′(t) ≤ −p(u) + g(u)(t) for t ∈ [a, b] u(a) ≥ 0, u(b) ≥ 0, u′(a) ≥ 0

α′′′(t) = g(α)(t) + p([u]−)(t); α(a) = 0, α(b) = 0, α′(a) = 0

g ∈ V([a, b]) =⇒ α(t) ≤ 0 for t ∈ [a, b]

=⇒ α(t) ≤ u(t) for t ∈ [a, b]

=⇒ α(t) ≤ −[u]−(t) for t ∈ [a, b]

α′′′(t) ≤ g(α)(t)− p(α)(t) ≤ −p(α)(t); α(a) = 0, α′(a) = 0, α(b) = 0

−p ∈ V([a, b]) =⇒ α(t) ≥ 0 for t ∈ [a, b] =⇒ u(t) ≥ 0 for t ∈ [a, b]

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V([a, b]) =⇒ −p + g ∈ V([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].

Theorem

Let p, g ∈ Pab. Then

−p ∈ V([a, b]), g ∈ V0([a, b]) =⇒ −p + g ∈ V0([a, b]).

Remark. If p, g ∈ Pab and −p ∈ V([a, b]), g ∈ V0([a, b]), then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



Theorem

Let p, g ∈ Pab. Let, moreover,

−p ∈ V([a, b]),
1

2
g ∈ V0([a, b]).

Then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

is uniquely solvable.

Theorem

Let p, g ∈ Pab be a-Volterra operators and −p ∈ V([a, b]). Then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

is uniquely solvable.



Theorem

Let p, g ∈ Pab. Let, moreover,

−p ∈ V([a, b]),
1

2
g ∈ V0([a, b]).

Then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

is uniquely solvable.

Theorem

Let p, g ∈ Pab be a-Volterra operators and −p ∈ V([a, b]). Then

u′′′(t) = −p(u)(t) + g(u)(t) + q(t); u(a) = c1, u(b) = c2, u′(a) = c3

is uniquely solvable.



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

bZ
a

p(s)ds ≤
16

(b− a)2
,

bZ
a

g(s)ds ≤
8

(b− a)2
.

Then (3), (2) has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

bZ
a

p(s)ds ≤
16

(b− a)2
,

bZ
a

g(s)ds ≤
8

(b− a)2
.

Then (3), (2) has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

bZ
a

p(s)ds ≤
16

(b− a)2
,

bZ
a

g(s)ds ≤
16

(b− a)2
.

Then (3), (2) has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

bZ
a

p(s)ds ≤
16

(b− a)2
,

bZ
a

g(s)ds ≤
32

(b− a)2
.

Then (3), (2) has a unique solution u.



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let τ(t) ≤ t, µ(t) ≤ t for t ∈ [a, b] and

bZ
a

p(s)ds ≤
16

(b− a)2
.

Then (3), (2) has a unique solution u.



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

„
b− τ(t)

b− t

«1−
√

3
3

„
τ(t)− a

t− a

«1+
√

3
3

p(t) ≤
2
√

3(b− a)3

9(b− t)3(t− a)3
for t ∈ ]a, b[

and the inequality is strict on a set of positive measure. Let, moreover,

„
b− µ(t)

b− t

«1+
√

3
3

„
µ(t)− a + ω

t− a + ω

«1−
√

3
3

g(t) ≤
2
√

3(b− a + ω)3

9(b− t)3(t− a + ω)3
for t ∈ ]a, b[

with ω = 3−
√

3
3+
√

3
(b− a). Then the problem (3), (2) has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], ci ≥ 0 (i = 1, 2, 3) =⇒ u(t) ≥ 0 for t ∈ [a, b].



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

„
b− τ(t)

b− t

«1−
√

3
3

„
τ(t)− a

t− a

«1+
√

3
3

p(t) ≤
2
√

3(b− a)3

9(b− t)3(t− a)3
for t ∈ ]a, b[

and the inequality is strict on a set of positive measure. Let, moreover,

„
b− µ(t)

b− t

«1+
√

3
3

„
µ(t)− a

t− a

«1−
√

3
3

g(t) ≤
2
√

3(b− a)3

9(b− t)3(t− a)3
for t ∈ ]a, b[ .

Then the problem (3), (2) has a unique solution u. Moreover,

q(t) ≤ 0 for t ∈ [a, b], c1 = 0, c2 = 0, c3 ≥ 0 =⇒ u(t) ≥ 0 for t ∈ [a, b].



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let µ(t) ≤ t for t ∈ [a, b] and

„
b− τ(t)

b− t

«1−
√

3
3

„
τ(t)− a

t− a

«1+
√

3
3

p(t) ≤
2
√

3(b− a)3

9(b− t)3(t− a)3
for t ∈ ]a, b[

and the inequality is strict on a set of positive measure. Let, moreover,

„
b− µ(t)

b− t

«1+
√

3
3

„
µ(t)− a

t− a

«1−
√

3
3

g(t) ≤
4
√

3(b− a)3

9(b− t)3(t− a)3
for t ∈ ]a, b[ .

Then the problem (3), (2) has a unique solution u.



u′′′(t) = −p(t)u(τ(t)) + g(t)u(µ(t)) + q(t) (3)

u(a) = c1, u(b) = c2, u′(a) = c3 (2)

p, g ∈ L([a, b]; R+), τ, µ : [a, b] → [a, b]

Corollary

Let τ(t) ≤ t, µ(t) ≤ t for t ∈ [a, b] and

„
b− τ(t)

b− t

«1−
√

3
3

„
τ(t)− a

t− a

«1+
√

3
3

p(t) ≤
2
√

3(b− a)3

9(b− t)3(t− a)3
for t ∈ ]a, b[

and the inequality is strict on a set of positive measure. Then the problem (3), (2) has a
unique solution u.


