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u'"’ (t) = —p(u)(t) + g(u)(t) + q(t)

u(a) = c1, u(b) = ca, u'(a) = c3

e p,g:C([a,b]; R) — L([a,b]; R) are linear nondecreasing operators (p, g € Pap)
e g€ L([a,b;R), c¢i€R (i=1,2,3)



u'"’ (t) = —p(u)(t) + g(u)(t) + q(t) (1)

u(a) = c1, u(b) = ca, u'(a) = c3 (2)

e p,g:C([a,b]; R) — L([a,b]; R) are linear nondecreasing operators (p, g € Pap)
e g€ L([a,b;R), c¢i€R (i=1,2,3)
Solution:
o u:la,b) = R
o u,u',u” are absolutely continuous (u € C2([a, b]; R))
o u satisfies (1) almost everywhere on [a, b]

o u satisfies (2)



Definition
Let £ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then £ € V([a, b]) iff
u"' (t) < L(u)(t) for t € [a,b]

u € C?([a,b; R), } = wu(t)>0 for te€a,b
u(a) >0, wu(b) >0, u'(a)>0




Definition

Let ¢ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then ¢ € V([a, b]) iff

B u"' (t) < L(u)(t) for t € [a,b] }
u € C?([a, b]; R), = wu(t)>0 for tE€ [a,b
u(a) >0, wu(b) >0, u'(a)>0

v

Definition
Let £ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then ¢ € V°([a, b]) iff
u”’ (t) < L(u)(t) for t € [a,b]

u € C?([a,b]; R), s oo @) > 0 } = u(t) >0 for t€[a,b
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Definition

Let ¢ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then ¢ € V([a, b]) iff

B u"' (t) < L(u)(t) for t € [a,b] }
u € C?([a, b]; R), = wu(t)>0 for tE€ [a,b
u(a) >0, wu(b) >0, u'(a)>0

v

Definition
Let £ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then ¢ € V°([a, b]) iff
u”’ (t) < L(u)(t) for t € [a,b]

u € C?([a,b]; R), s oo @) > 0 } = u(t) >0 for t€[a,b

4

Remark. If ¢ € V([a,b]) or £ € V°([a,b]) then
u" (t) = £(u)(t); u(a) =0, wu()=0, u'(a)=0

has only the trivial solution.



Definition

Let ¢ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then ¢ € V([a, b]) iff

_ u"' (t) < L(u)(t) for t € [a,b] }
u € C*([a,b); R), = wu(t)>0 for te€a,b
u(a) >0, wu(b) >0, u'(a)>0

y

Definition
Let £ : C([a,b]; R) — L([a,b]; R) be a linear operator. Then ¢ € V°([a, b]) iff
u”’ (t) < L(u)(t) for t € [a,b]

u € C?([a,b]; R), - - T } = u(t)>0 for tE€ [a,b

4

Remark. If ¢ € V([a,b]) or £ € V°([a,b]) then

u(t) =Lw)(t);  u(a) =0, ub)=0, u(a)=0
has only the trivial solution.
Remark. Obviously V([a,b]) C V°([a,b]). Moreover, if —£ € P, then

2eV(a,b]) — 2eV%(a, b]).



_ { € Co(Ja,b[; B) N C((a, b]; R)
v € Cq(la,b[; R) —
3’ (a+)



. v € Cp,e(la,b[; R) N C([a, b]; R)
velulabl;R)
3’ (a+)
Theorem
Let p € Pay. Then —p € V([a, b]) if and only if there ezists v € Ca(]a,b[; R) such that
Yt) >0 for t€]ab[,  7'(at) 20,
Y(#) < —p(n)(t)  for t € [a,b],

v(a) +v(b) + 7' (a+) + meas {t : v/ (t) < —p(7)(t)} > 0.




_ { € CZ.(la,b[; B) N C([a,b]; R)
v € Cq(la,b[; R) —
3’ (a+)

Theorem
Let p € Pay. Then —p € V([a, b]) if and only if there ezists v € Ca(]a,b[; R) such that
~(t) >0 for t €la,b[, v (a+) >0,
77(t) < —p(y)(t)  for t € [a,b],

v(a) + v(b) ++'(a+) 4+ meas {t : "' (t) < —p(7)(¥)} > 0.

Proof.
Sufficiency:
u'(t) < —p(u)(t) for t € [a,b] u(a) >0, wu(b) >0, u(a)>0

A sup {28 elas( | >0 w(t) E M) +ult)  for ¢ € [a,b]

Studying properties of w, we get a contradiction.




- v € Cloe(lab; R) N C([a, b; R)
v € Cq(la,b[; R) —
Jv'(a+)
Theorem
Let p € Pay. Then —p € V([a,b]) if and only if there ezists v € Ca(]a,b[; R) such that
() >0  for t€la,b[,  4'(at)>0,
Y'(t) < =p(v)(t)  for t € [a,b],

v(a) + v(b) + 7' (a+) 4+ meas {t : " (t) < —p(7)(¥)} > 0.

Proof.
Necessity:
—p € V([a, b))

() =—p(M®); @ =1, b)=1 +(a)=0
The function « has the properties required.




£:C([a,b]; R) — L([a,b]; R) is an a-Volterra operator if for every ¢ € ]a, b]

u(t) =0 for t € [a,c] = L(u)(t)=0 for t € [a,c]



£:C([a,b]; R) — L([a,b]; R) is an a-Volterra operator if for every ¢ € ]a, b]

u(t) =0 for t € [a, ] = L(u)(t)=0 for t € [a, ]

o)) < hyu(r(t), heL(ab;R), 7:[ab] — [a,b]
(rit)—¢) <0 for t € [a,b]

¢ is an a-Volterra operator = [h(t)



£:C([a,b]; R) — L([a,b]; R) is an a-Volterra operator if for every ¢ € ]a, b]

u(t) =0 for t € [a, (] = L(u)(t)=0 for t € [a, (]

@)(t) E h@u(r(®), he L((a,blR), 7 lo,b] = [a,b]
¢ is an a-Volterra operator = [h(@)|(T(¢) —t) <0 for t € [a,b]
Theorem

Let g € Pyp, be an a-Volterra operator. Then g € V([a,b]) if and only if there exists
B € Ca(la,bl; R) such that

B(t) >0 for t € [a,b[, B'#) <0 for t €la,b[,
B () = g(B)(t)  for t€ [ab].




£:C([a,b]; R) — L([a,b]; R) is an a-Volterra operator if for every ¢ € ]a, b]

u(t) =0 for t € [a, (] = L(u)(t)=0 for t € [a, (]
(w)®) Y hOur®), he Llab:R), 7 ab] - [ab]
¢ is an a-Volterra operator — [h(@®)|(T(t) —t) <0 for t € [a,b]
Theorem

Let g € Pyp, be an a-Volterra operator. Then g € V([a,b]) if and only if there exists
B € Ca(la,bl; R) such that

B(t) >0 for t € [a,b[, B'#) <0 for t €la,b[,
B () = g(B)(t)  for t€ [ab].

Theorem

Let g € Pup be an a-Volterra operator. Then g € VO([a,b]) if and only if there exists
B € Ca(la,b[; R) such that

B(t)>0  for telab[, B O-)<0,  pYE)>g9(B)t)  for t€ab].




Theorem

Let p,g € Pay. Then

—p € V([a, b)),

g Ec V([a’ b])

—Dp + g € V([a’b])




Theorem

Let p,g € Pap. Then

—p€V([a,b]), g€V(a,b])
Proof.

=

—p+g € V([a,b]).
u'(t) < —p(u) + g(u)(t) for t € [a,b]

u(a) >0, wu(b) >0, u(a)>0

>




Theorem

Let p,g € Pap. Then

—peV(ab]), geV(ab) = —p+geV(ab]).
Proof.
u(t) < —p(u) + g(u)(t) for ¢ € [a,d] u(a) >0, wu()>0, u(a)>0
o(t) = g(a)(t) +p([ul-)(t);  a(a) =0, a(b)=0, a'(a)=0




Theorem

Let p,g € Pap. Then

—peV(ab]), geV(ab) = —p+geV(ab]).
Proof.
u(t) < —p(u) + g(u)(t) for ¢ € [a,d] u(a) >0, wu()>0, u(a)>0
o(t) = g(a)(t) +p([ul-)(t);  a(a) =0, a(b)=0, a'(a)=0
g € V([a,b]) — a(t) <0 for ¢ € [a,b]




Theorem

Let p,g € Pap. Then

—p € V([a, b]), g € V([a,b]) — —p+g € V(a,b]).

Proof.
u(t) < —p(u) + g(u)(t) for ¢ € [a,d] u(a) >0, wu()>0, u(a)>0
a(t) = g(a)(®) +p([u]-)(#);  ala) =0, ab)=0, o(a)=0
g € V([a,b]) = a(t) <0 for t € [a,b]
== a(t) <u(t) for t € [a,b




Theorem

Let p,g € Pap. Then

—p € V([a, b]), g € V([a,b]) — —p+g € V(a,b]).

Proof.
u(t) < —p(u) + g(u)(t) for ¢ € [a,d] u(a) >0, wu(b) >0, u(a)>0
o(t) = g(a)(t) + p([u] -)(t);  ala) =0, ad)=0, ao'(a)=0
g € V([a,b]) = a(t) <0 for t € [a,b]
== a(t) <u(t) for t € [a,b
= a(t) < —[u]-(t) for t€ [a,b]




Theorem

Let p,g € Pap. Then

—p € V([a, b]), g € V([a,b]) — —p+g € V(a,b]).

Proof.
u(t) < —p(u) + g(u)(t) for ¢ € [a,d] u(a) >0, wu()>0, u(a)>0
a(t) = g(a)(®) +p([u]-)(#);  ala) =0, ab)=0, o(a)=0

g € V([a,b]) = a(t) <0 for t € [a,b]
= a(t) <u(t) for t € [a,b
= a(t) < —[u]-(t) for t€ [a,b]

o(t) < g(a)(t) —p(e)(t) < —p()(t);  a(a) =0, o'(a)=0, ab)=0




Theorem

Let p,g € Pap. Then

—p € V([a, b]), g € V([a,b]) — —p+g € V(a,b]).

Proof.
u(t) < —p(u) + g(u)(t) for ¢ € [a,d] u(a) >0, wu()>0, u(a)>0
a(t) = g(a)(®) +p([u]-)(#);  ala) =0, ab)=0, o(a)=0

g € V([a,b]) = a(t) <0 for t € [a,b]
== a(t) <u(t) for t € [a,b
= a(t) < —[u]—(t) for ¢ € [a,b]
o(£) < g(@)(t) — p(a)(®) < —p(a)(®);  ala) =0, a/(a)=0, a(b)=0
—p € V([a, b]) = a(t) >0 for t € [a,b] = u(t) >0 for t € [a,b]

O

v




Theorem

Let p,g € Pap. Then

—peV(a,b]), geV(ad) = = -pt+geV(abd]).

Remark. If p,g € Py, and —p € V([a,b]), g € V([a,b]), then
u"'(t) = —p(u)(t) + g(u)(t) + q(t); u(@)=c1, ub)=c2,  u'(a)=c3
has a unique solution u. Moreover,

q(t) <0 for t € [a,b], >0 (1=1,2,3) = u(t) >0 for t € [a,b)].



Theorem

Let p,g € Pap. Then

—peV(a,b]), geV(ad) = = -pt+geV(abd]).

Remark. If p,g € Py, and —p € V([a,b]), g € V([a,b]), then

u"'(t) = —p(u)(t) + g(u)(t) + q(t); u(@)=c1, ub)=c2,  u'(a)=c3
has a unique solution u. Moreover,

q(t) <0 for t € [a,b], >0 (1=1,2,3) = u(t) >0 for t € [a,b)].
Theorem

Let p,g € Pap. Then

—peV(a,b]),  g€V(a,b) = —p+9 € V%([a,b]).




Theorem

Let p,g € Pap. Then

—peV(a,b]), geV(ad) = = -pt+geV(abd]).

Remark. If p,g € Pgp and —p € V([a,b]), g € V([a, b]), then

u"'(t) = —p(u)(t) + g(u)(t) + q(t); u(@)=c1, ub)=c2,  u'(a)=c3
has a unique solution u. Moreover,

¢)<0 for tefabl, >0 (=123 =  u)>0 for t€a,b]
Theorem

Let p,g € Pap. Then

—peV(a,b]),  g€V(a,b) = —p+g€V°([a,b]).

Remark. If p,g € Py, and —p € V([a,b]), g € V°([a, b]), then
u'(t) = —p(u)(t) + g(u)(t) + a(t); u(@) =c1, ub)=cy, u'(a)=cs
has a unique solution u. Moreover,

q(t) <0 for t€ [a,b], c1 =0, c2=0, ¢3>0 = u(t) >0 for t€ [a,b].



Theorem
Let p,g € Pap- Let, moreover,

—p € V([a, b]),
Then

u'"'(t) = —p(u)(t) + g(u)(t) + q(t);

is uniquely solvable.

29 €V ([a.t)).

u(a) = c1,

u(b) = ca,

u'(a) = c3




Theorem

Let p,g € Pap- Let, moreover,
1

—peV(at),  39€V°(ab).
Then
u'(t) = —p(u)(t) + g(u)(t) + q(t); u(@)=c1, ud)=c2, u'(a)=cs
is uniquely solvable.
Theorem
Let p, g € Pyp, be a-Volterra operators and —p € V([a,b]). Then
u(t) = —p(u)(t) + g(u)(t) + q(t); u(@)=c1, u)=c2, v(a)=c3

is uniquely solvable.




P, g € L([a,b]; R+),

u(t) = —p(t)u(r(t) + g(B)u(u(t)) + q(t)
u(a) = c1, u(b) = ca, u'(a) = c3

T, 1t |a,b] — [a,b]



u"'(t) = —p(t)u(r (1)) + g(t)u(u(t) + q(t)
u(a) = c1, u(b) = ca, u'(a) = c3

V2XAS L([av b];R+)7 T K [a7 b] - [a7 b]

Corollary
Let u(t) <t fort € [a,b] and

b

b
16 8
/p(s)ds < m » /9(5)d5 < m .

a

Then (3), (2) has a unique solution u. Moreover,

q(t) <0 for tE€ [a,b], >0 (1=1,2,3) = u(t) >0 for t€ [a,b].




u"'(t) = —p(t)u(r (1)) + g(t)u(u(t) + q(t) 3)
u(a) = c1, u(b) = ca, u'(a) = c3 (2)

V2XAS L([av b];R+)7 T K [a7 b] - [a7 b]

Corollary
Let u(t) <t fort € [a,b] and

b

b
16 16
/p(s)ds < m ) /9(5)d5 < m .

Then (3), (2) has a unique solution u. Moreover,

q(t) <0 for t€ [a,b], c1=0, ¢c2=0, ¢c3>0 =

u(t) >0 for t€ [a,b)].




u"(t) = —p(t)u(r(t)) + g(B)u(u(t)) + q(t)

u(a) = c1,

p,g € L([av b];R+)7 KRV [av b] - [a7 b]

Corollary
Let u(t) <t fort € [a,b] and

b

16
/p(s)ds < m s

a

Then (3), (2) has a unique solution u.

u(b) = ca, u'(a) = c3

g(s)ds < 32

Q\e—

S-a2’




u"'(t) = —p(t)u(r(t)) + g(®)u(u(t)) + q(t)
u(a) = c1, u(b) = ca, u'(a) = c3
P, g€ L([avb];R-‘r)v Tyt [avb] - [avb]

Corollary

Let 7(t) < t, p(t) <t fort € [a,b] and

b
16
/p(s)ds < m .

a

Then (3), (2) has a unique solution u.




u(t) = —p(t)u(r(t)) + g(t)u(u(t)) + q(t) )
u(a) = cq, u(b) = ca, u'(a) = c3 (2)

p,g € L([av b];R+)7 T [a» b] - [a» b]

Corollary
Let u(t) <t fort € [a,b] and

(b—f(w)l—“f(ﬂt);a)” P < 20 for telas

b—t = £)3(t — a)3

and the inequality is strict on a set of positive measure. Let, moreover,

for t €la,b]

b — p(t) 1+ pt)—a+w - 2v3(b — a + w)?
( b—t ) ( t—a+w ) g(t)sg(b—t)3(t—a+w)3

with w = 3_‘_\[(b —a). Then the problem (3), (2) has a unique solution u. Moreover,

q(t) <0 for t€ [a,b], ¢ >0 (1=1,2,3) = u(t) >0 for t € [a,b].




u(t) = —p(t)u(r(t) + g(H)u(u(t)) + q(t) )
u(a) = c1, u(b) = ca, u'(a) = c3 (2)

p,g € L([av b];R+)7 T K [a’ b] - [a’ b]

Corollary
Let p(t) <t fort € [a,b] and

b— @)\ F (1) —a\ T E 2v/3(b — a)?
( bt ) ( t—a ) PO < 53— a7

for t €la,b]

and the inequality is strict on a set of positive measure. Let, moreover,

-9

b—t t—a m for t €la,b[.

Then the problem (3), (2) has a unique solution u. Moreover,

q(t) <0 for tE€ [a,b], c1=0, ¢c2=0, ¢c3>0 =5 u(t) >0 for t€ [a,b)].
v




u"'(t) = —p(t)u(r (1)) + g(t)u(u(t) + q(t)
u(a) = c1, u(b) = ca, u'(a) = c3
p,gEL([a,b];R+), T K [a»b] - [a»b]

Corollary
Let p(t) <t fort € [a,b] and
V3 V3
b—7r@®)\'"3 (r(t)—a\'TS 2v/3(b — a)?
( b+t ) (ﬁ) p(ﬂfm for t €la,b|

and the inequality is strict on a set of positive measure. Let, moreover,

b — u(t) 1+ wt) —a = 4v/3(b — a)3
( b—t ) (ﬁ) g(t)Sm for t €la,b[.

Then the problem (3), (2) has a unique solution u.




u"'(t) = —p(t)u(r(t)) + g(®)u(u(t)) + q(t)
u(a) = c1, u(b) = ca, u'(a) = c3
p,g € L([avb];R-‘r)v Ty [t [avb] - [avb]

Corollary
Let 7(t) < t, p(t) <t fort € [a,b] and
b— @)\ L [r(t) —a\ T E 2V/3(b — a)3
( bt ) ( t—a ) POS o i ap  Jor tEladl

and the inequality is strict on a set of positive measure. Then the problem (3), (2) has a
unique solution u.




