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We consider the solution of the nonlinear differential equation of the second order  
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If  1>n   radially symmetric solutions: 

( )( ) ),0(on  ,0)()1( 11 aytyt q
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p
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:1=n  

For 1== qp   0=±′′ yy ,   0)0(',1)0( == yy ,   solution for ‘+’ sign is  xy cos= .  

for ‘-’ sign is  xy cosh= . 
     0=±′′ yy ,   1)0(',0)0( == yy ,   solution for ‘+’ sign is  xy sin= .  

for ‘-’ sign is  xy sinh= . 

If qp =       011 =+′′′ −− pp yyyy , 1)0(',0)0( == yy ,     generalized sine )(xSy p= .  



-existence and uniqueness of radial solutions [W. Reichel-W. Walter, J. Inequal. Appl., 
(1997)] 
 
- 1=n   and  ,0=i   the initial value problem has a unique solution on R   [O. Dosly-P. 
Rehak Half-linear Differential Equations, Elsevier, 2005.], and [P. Drabek- R. 
Manásevich, Diff. Integral Equations, (1999)]), moreover, its solution can be given in 
closed form in terms of incomplete gamma functions  
 
 
 
- ,2=n    1== qp   then the solution (E) with  0)0(',1)0( == yy   is  ),(0 tJ   the Bessel 
function of first kind with zero order  
 
- ,3=n    1== qp   then the solution (E) with  0)0(',1)0( == yy   is  ,/sin)(0 tttj =   the 
spherical Bessel function of first kind with zero order 



Existence of local analytic solution    (Initial conditions: 0)0(',)0( == yAy ) 
 

Theorem (Briot-Bouquet Theorem) Let us assume that in the system of 
equations 
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functions  1u   and  2u   are holomorphic functions of  ,ξ    ),(1 ξz   and  )(2 ξz   
near the origin, moreover  0)0,0,0()0,0,0( 21 == uu .  Then there exists a 
holomorphic solution  satisfying the initial conditions  ,0)0(1 =z    0)0(2 =z   if 
none of the eigenvalues of the matrix 
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is a positive integer.  
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 and also that the formal solutions are convergent. 
 
Theorem For any  ( ) ( ) N∈=∞+∈∞+∈ niqp ,1,0,,0,,0   the initial value 
problem of (E) with 0)0(',)0( == yAy    has an unique analytic solution of the form  
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Let us take solution of  (E)  in the form  
( ),)( αtQty =  



where function ),0(2 aCQ ∈  and α  is a positive constant. Substituting  ( )αtQty =)(   
into (E) we get that  Q   satisfies 

( ) ( ) ( )
Qt

p
pn

Q

Q
t

p
tQ

p
qp

p

i
′−+−−

′

Φ−=′′ −
−

+−−
+

+
ααα

α
α

α
11)(1

1
)1)(1(

1

1
 

and taking  αξ t=   we have 
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Here we introduce function  Q   in the form 
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where  ),,0(2 aCz ∈  ,0)0( =z  ,0)0( =′z   therefore Q  must have the properties  
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We generate the system of equations 
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as follows 
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In order to satisfy conditions  0)0,0,0(1 =u   and  0)0,0,0(2 =u   we must get 
zero for the power of  :ξ    
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i.e.,  .11 +=
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α   To ensure  0)0,0,0(2 =u   we have the connection 

,0)1(
1 0

1
01

1
1 =−�

�

�
�
�

�

+
+ −− γγγγ qi

p
p

p
p

n  

i.e., 

( )
.

1
)1(

1
01

1
pqi

np
p

��
�

�
��
�

�Φ
+

−= + γ
γ  

 
For  1u   and  2u   we find that 
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Therefore the eigenvalues of the matrix 
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at  )0,0,0(   are  0  and  ).1/( +− pnp  
 
Corollary From Theorem 2 it follows that solution )(ty  for(E)  has an expansion of the 
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Determination of local solution 
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where coefficients  iA   and  iB   can be expressed in terms of  ia   ( �,1,0=i  ) .   



We will use the J. C. P. Miller formula: 
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From the differential equation we have: 
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From where for the coefficients:  ( ) 01)1
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The evaluation of coefficients ka ,  1≥k  from ( ) 01)1
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Example:     n:=2; i:=0; p:=0.5; q:=1 
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0)0(',1)0( == yy . 

 

 Solution:  
 
 =)(ty 1-0.2222222222 3t +0.0370370370 6t -0.0047031158 9t +0.0005443421 12t  

 -0.0000580631 15t +0.0000058931 18t -0.0000005750 21t +0.0000000544 24t  
 -0.0000000050 27t  



Existence of local analytic solution    (Initial conditions: Byy == )0(',0)0( ) 

 

Theorem For any  ( ) ( ) 1,1,0,,0,,0 ==∞+∈∞+∈ niqp   the initial value 
problem of (E) with Byy == )0(',0)0(    has an unique analytic solution of the form  
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Example:     n:=1; i:=0; p:=3; q:=2 
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1)0(',0)0( == yy . 

 

 Solution:  
=)(ty t (1-0.0625 3t -0.0066964 6t -0.0017439 9t -0.0006940 12t -0.00036558 15t  

-0.00020711 18t -0.00012588 21t -0.00008100 24t ) 
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Remarks 
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(ii) The coefficient of )( pPn  concerning the maximal power in p  is divisible by 
2))!1(( −n   . 
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Exponential expansions  
 

011 =−′′′ −− pp yyyy ,   0>p , 
1)0(',0)0( == yy  or 0)0(',1)0( == yy  

The first integral 
Cyy pp =− ++ 11' , where 1=C  for pSh  and  1−=C  for pCh . 
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From the diff.equ.:   1,k >= kk βα   and  
111 −= βα  for pSh  and  111 += βα  for pCh  

Determination of  nα   and nβ   for �,2,1,0=n  by J.C.P. Miller formula: 
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Recursive formula 
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+ sign for pSh  and  - sign for pCh . 
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Formula (Connections between pSh  and pCh ) 
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Radius of convergence: an upper bound for R  
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