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We consider the solution of the nonlinear differential equation of the second order

A u+ (1)’ ‘u‘q_lu =0, u=u(x), xe R", (E)
where n 21, p and ¢ are positive real numbers, i =0,1, A ,u = div(Vu|” v,
If n=1: [@,) +Did,(»=0,
r—1
where for re{p,q} D, (y)= M y, forye R\{0]
0, for y =0.

If n>1 radially symmetric solutions:

(t”‘lcp p(y’)) +(=D't""'®,(y)=0, on (0, a).

n=1:
For p=qg=1 y'+2y=0, y0)=1, y'(0)=0, solution for ‘+” signis y=cosx.
for ‘-’ sign is y =cosh x.
y'2y=0, y(0)=0, y'(0)=1, solution for ‘4+” signis y =sin x.
for ‘-’ sign is y =sinh x.

Ifp=q YY" +yp|"" =0, y0)=0, y'(0)=1, generalized sine y =S, (x).



-existence and uniqueness of radial solutions [W. Reichel-W. Walter, J. Inequal. Appl.,
(1997)]

-n=1 and i=0, the initial value problem has a unique solution on R [O. Dosly-P.
Rehak Half-linear Differential Equations, Elsevier, 2003.], and [P. Drabek-R.
Manasevich, Diff. Integral Equations, (1999)]), moreover, its solution can be given in
closed form in terms of incomplete gamma functions

-n=2, p=gq~=1 then the solution (E) with y(0)=1, y'(0)=0 1s Jy(¢), the Bessel
function of first kind with zero order

-n=3, p=gq=1 then the solution (E) with y(0)=1, y'(0)=0 1s jy(#) =sint/t, the
spherical Bessel function of first kind with zero order



Existence of local analytic solution (Initial conditions: y(0) = A, y'(0)=0)

Theorem (Briot-Bouquet Theorem) Let us assume that in the system of

equations
=022
=1 a0,

functions u; and u, are holomorphic functions of &, 71(&), and 7,(&)
near the origin, moreover uy(0,0,0)=u,(0,0,0)=0. Then there exists a
holomorphic solution satisfying the initial conditions z;(0)=0, z,(0)=0 if
none of the eigenvalues of the matrix

[ duy duy
97110,0.0) 9221(0.0.0)
duz duz

| 9%11(0,0,00  9%21(0,0,0) |

IS a positive integer.



oo

—sthe existence of formal solutions z; =Y a;&* and z, =Y b X,
and also that the formal solutions are convergent.

Theorem For any pe (0, +), ge (0, +), i=0,1, ne N the initial value
problem of (E) with y(0)=A, y'(0)=0 has an unique analytic solution of the form

y(t) = Q(t”” P ) in (0, a), where Q is a holomorphic solution to

Cot e, )
Q” _ ;P q _n t—(1+1/p)Q/
p+l /p—1 1
p (A+1/p) 0 p+

1

near zero satisfying Q(0)=A, Q'(0)=(-1)'"! ﬁ QA\‘I - A/n)P.
Let us take solution of (E) in the form

y(t)=0lt?)



where function Qe C 2(O,az) and « 1s a positive constant. Substituting y(z) = Q(ta)
into (E) we get that Q satisfies

Q”(t“): (-1 ~(@=1)(p+1) L@ n-1+ P(Of—l)t—aQ/

p ap-l-l Q/ p—l p o
and takin =1% we have
g
- ~1
0 (&) = (=1)"! 5—(0;)(19“) () _n-l+ p(a_l)f_lQ'
p+l Ap—1 '
po Q P

Here we introduce function Q in the form
0(S) =7+ 16 +2(5),
where ze C 2(O,a), z2(0)=0, z’(0)=0, therefore QO must have the properties
00 =7y, QO=79, Q=1+, Q(5=7"(5). Werestate
71(§)=2(§) } i al0)= 0}
2(§)=7($) 2,(0)=0J’

therefore



(a-1)

i 1)+ (p+1) @ +1é+z2(8)
() = (—1) g p+) @, (79 + 1 :5)
pa’ n+2&)"
e plal) e, )
p o

We generate the system of equations

(& 2 2N =4z <§>}
uz (g, 21(8), 22(6)) =6 22(6)

as follows

(s, 21(8), 22(8)=¢6 2,
i I-p(a-1)
1y (E, 21(E), 20 (E)) = (=1)+] Foa D, (n+né+z1($)) !

p ol n+z &P
_n-teplacl) (71 +22(5)




In order to satistfy conditions u4(0,0,0)=0 and u,(0,0,0)=0 we must get
zero for the power of & :
l-pla-1)
a
1.e., &= 141, To ensure u,(0,0,0) =0 we have the connection

p
P
Wp_ (pilj =D’ |70/? 17’0=0,

=0,

1.€.,

, (7))
_ i+l D g\Y0) |p
7 =1 p+1( ] :

n

For u; and u, we find that



oy dal g
9z10,0,0) 9220,0,0)

duy _ Pp4‘7o‘q_1 duy __np
%000 (p+)P P 92lgoo  PFL

Therefore the eigenvalues of the matrix

aul /aZI aul /aZQ
8u2 /azl auz /aZ2

at (0,0,0) are 0 and —np/(p+1).

Corollary From Theorem 2 it follows that solution y(t) for(E) has an expansion of the
1

) k |
form y(t)= > a;t (p+j satisfying y(0)=A and y'(0)=0.

k=0



Determination of local solution

We seek a solution of (E) with y(0) =1, y’(0) =0 in the form

1

y(@t)=ag+apt?

Differentiation yields

1

Y(@)=t?
thus we get
(YD) =t

|

al[l+lj+2a2(
pP
l+1j+2c12(1
p

1

l+1)
p

—+1
p

J

2(+1)
+ as t p

1

tP

1y

tP

1

1 2(
+3a3(—+1] t
+3Cl3( I

+....

P

—+1
p

| El




ol
1 1
, P 1 1 p+1 1 2(]?-'_1)
(YD) =t]|q ;+1 +2a, ;+1 t? +3a, ;+1 t + o

L]

2(1+1)
=t|By+B;t" +Byt\P /4.

where coefficients A; and B; can be expressed in terms of a; (i =0,1,...).



We will use the J. C. P. Miller formula:

1 k=l . .
Ay =—Ylk=j)g-jlAja_;, k>0
k 2

k-1
__ P V- ilBar - il L
Bk_a1k(p+1),§o[(k Jj)p ]]B]ak—]+1{(k J+1)(p+1ﬂ

From the differential equation we have:

L 1

n—l1 1 p 1 z(pﬂj
t Bon+Bj(n+—+1)t +By(n+2 —+1 )¢ +...
4 4

1y

| 2(1+1j
+(=1)' "N Ag+ A P A P 4 |=0

From where for the coefficients: B (n+ k(l + 1)) + (- 1)i A, =0 k=20
14



From initial condition y(0) =1 we get ag =1, Ay =1, therefore

BO _ (_ 1)i+1 l
n

From B (n+ % +1)+(~1)" A; =0, we find

(]

1

a =—"- [(— 1y l}p-

_p+1

thus

The evaluation of coetficients a;, k =1 from By (n+ k(l + 1)) + (= 1)i A, =0

P
we can perform by MAPLE.



Example: n:=2; i:=0; p:=0.5; q:=1

(r CIDO'5(y')) +¢ @,(y)=0, on (0, a)
y(0)=1, y'(0)=0.

Solution:

y(t) =1-0.2222222222 £3+0.0370370370 t°-0.0047031158 +°+0.0005443421 ¢

-0.0000580631 1°+0.0000058931 #'%-0.0000005750 #2'+0.0000000544 ¢**
-0.0000000050 %7



Existence of local analytic solution (Initial conditions: y(0) =0, y'(0) = B)

Theorem For any pe (0, +), ge (0, +), i=0,1, n=1 the initial value
problem of (E) with y(0) =0, y'(0)=B has an unique analytic solution of the form

y(t) = tQ(tqH) in (0, a), where Q is a holomorphic solution to

—(g+D) . d (0)
” 5 '
Q" =- (q+2)Q+(-1) ! .
(g+1) plg+D® ,_ 1 (Q+(g+Dr?Q")
s ot _ 7coN = (1] 1 q—p+l1
near zero satisfying Q(0)=B, Q(0)=(-1) p(q+1)(q+2)B :
Example: n:=1; i:=0; p:=3; q:=2
(@3(y)) +P,(y) =0, on (0, @)
y(0)=0, y'(0)=1.
Solution:

y(t) =¢(1-0.06253-0.0066964°-0.0017439:°-0.0006940¢'2-0.00036558 >

-0.00020711¢'%-0.00012588+2'-0.00008100¢°%)



Case: p=gq
@,() +D'e, (=0

y(0)=0, y'(0)=1

y(t) = t(ﬁo + B 1P 4 g, 120D 4 g PP g HPHD +)



y(t) = t(,BO + B 1P 4 B, 2P 4 g 3D g AHD) +) i=0,

bo=1
1
A= o+
p* -2
ﬁZ - 2
2(p+DH7(p+2)2p+3)

_4p°+9p* —6p° —19p* +3p +12
6(p+1)°(p+2)*2p+3)3Bp+4)

3:

36p° +164p’ +167p° —220p> —400p” +76p> +288p> —24p —96
24(p+ D) (p+2°2p+3)3p+4)dp+5)

Pa =



Remarks

(1)

Generally g, = F.(p) ,
n(p+D)"(p+2)" 2p+3)2  [n(p+1)+1)7m

where P,(p) 1s a polynomial in p with integer coefficients of degree
n—2+ Yol T V2 tooitVuns

(i1)

(111)

Tn-1] ..
_ —.’lf J<n,
an—{ J }
1 if j=n.

The coefficient of P,(p) concerning the maximal power in p is divisible by

(n=DH)?* .

Coefficients S, are rational functions of p with poles at
o, -0, L
2 n



Exponential expansions

”

—1 —1
YIYPT =yyf T =0, p>0,
y(0)=0, y'(0O)=1or y(0)=1, »'(0)=0

/|

The first integral
y'p+1 —\y\pﬂ = C, where C =1 for Sh;, and C=-1 for Ch,.

_(p+l 2(pt
Exponential expansion of the form: y = Ae™ (1 +ay (Aex ) S +a, (Aex ) S +.. j

)—( p+l)

—2(p+l
y'= Aex(l+(—p)a1(Aex +(—1—2p)a2(Aex) (D +j

—(p+
Substitution (e " =4

p+1 _
—uY

ypzu_1(1+a1u+a2u2+...) 1+0{1u+0(2u2+...)

+1
y'P = u_1(1+ (—p)agu + (—1—2p)a2u2 +...)p = u_1(1+,6’1u +,52u2 +)



From the diff.equ.: «a; =, k>1 and
oy :ﬂl —1 for Shp and oy :ﬂl +1 for Chp

Determination of ¢, and f, for n=0,1,2,... by J.C.P. Miller formula:

1n—1
ay=1, a,= - Slp+Dn—k)-klog a,_y, n>1
k=0

1 n—1
Po=1 o= Zlp+Dn=k)=klf apilt=(p+Dln=k)l,  n>1
k=0
Recursive formula

ay =t [(p+D(n=1)=1] ay (p+1-np)

n (p+1
1 n—1 1
—nz(pﬂ)k;z[(p+1)(n—k)—k]05k ayy(n—=k) for n>1, and al:i{_(m—l)z)]

+ sign for Sh, and - sign for Ch,,.



—(p+l —2(p+1
y=Aex(1+a1(Aex) v )+a2(Aex) v )+...j A=7?
For Sh,,: PH_yP* =1, y'>0, y>0 —f do
pr Y oo =L y=uy x_0(1+o_p+1)1/(p+1)
1 y y
do do do do
x=| NI +1>+I RN +[—, x=Iny-B+o(l), where
o(L+oPTH) AP | A+ 0P P o 1 O
1 oo F'( 1 j '
B:—j do _.[ do _do _ 1 p+l) T'(D
p+1

M =— 11:((11)) =~ (0.577215665... (Euler-Mascheroni or Stirling number)

A:eB



For Ch,:  |y|P* =[y|"*' =-1, y>0, y>0 —f do
p- Y o ==L ¥y=5% = (P —)Hp+D

0
y y
xzj 1d0'1/ 1 _do +'[d—o-, x=Iny—-B+o0(l), where
L@ -pttrh o |y
F' p
B do  do|_ 1| (p+1) T
i (O-P+1_1)1/(p+1) o p+1 r P (1)
p+1

2> |

Il

Q
|



el

- — \(p+]) ~ \2(p+D) ,
y'p+1_yp+1 zl,then y(x,A):Aex(l—al(Aex) b +Cl2(A€x) P —) 1s the

ex)—<p+1>

If y(x,A) = Aex(l +ay (A +.. j is the solution of

solution of y?™—yPH=_1

/A
N
F,A)y=e Py(x+i—2—,A)
p+1

Formula (Connections between Shp and Chp)

. T
N
Ch,(x)=e PHSh (x+B-B+i "),
p+1
. T
b - T
Sh,(x)=e "*'Ch,(x-B+B-i——)

p+1



cosh x = l.sinh(x + iz),

l

p=1: only in this case
sinh x = i sinh(x — i%)

Radius of convergence: an upper bound for R

I _ o Ly —pmin(B.B)

—=lim|a,|n 2 e :
n—oo

In terms of p this is

o >min(B,B).

]



