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Notation and statement of the problem

o .

The function ¢ denotes a non-decreasing homeomorphism
such that ¢(0) = 0 and

® ¢:|—a,al— R (singular),
® ¢o:R—R (classical),
® ¢o:R—]—a,al (bounded).

Forx € RP set [x|; = Y 0_, |zg], x* = (27, ;7)) and
| P
Q(x)==> m.
pkzl

If o, 6 € RP, we write o < 3 (resp. a < 3) if a, < 3, for all
1 <k<p(resp. a; < f forall 1 <k < p).
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Letn € N,n > 4 be fixed and x = (z1,--- ,z,) € R"™. Define T

Dx = (Dxy,--- ,Dx,_1) € R"!

by
Dxp=xp1—xp, (1<k<n-—1)

and, If max;<x<p—1 |Dxg| < a, define
D¢(Dx) = (D$(Dx3), -, Dd(Dxy-1)) € R*

by
Do(Dzxy) = ¢(Dzxy) — ¢(Dxp—1), 2<k<n-—1).
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If f = (fo,---, fn_1) is a continuous function from R? to R~
we define the continuous function Ny : R" — R"2 by

=

N¢(x) = (fo(z2, Dx2), -+, fa—1(Tn—1, DTp-1)).

Notice that,

1 n—1 )
QNf(X) — m ;fk(xk,l)xk) forall x e R".

B, denotes de open ball of center 0 and radius p.
We study the existence of the solutions for the problems

o

D¢(DX) —+ Nf(X) =0, 1=, Dri=Dx,_1.
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Forced equations
A

ssume that ¢ IS singular or classical.
D¢(Dx)=h, z1=u1z,, Dz =Dr, 1, (1)

where h = (hg, -+ ,h,_1) € R"2,
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Forced equations

o .

D¢(Dx)=h, z1=u1z,, Dz =Dr, 1, (2)

ssume that ¢ IS singular or classical.

where h = (hg, -+ ,h,_1) € R"2,

Lemma 2 Foreachh = (hy, -+, h,_1) € R"? there exist a
unique v := Q4 (h) such that

—1

201 Z Zh + ) = 0.

k=3

Moreover, the function @), IS continuous.
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holds in which case solutions of (1) are of the form

T + Tp—1 T + Tp—1
( 9 y L2y s In—1, 9 )7

where z9 € R and

o

Proposition 1 Forced periodic problem IS solvable iff

k j—1
rp=z2+ Y ¢ 'O h+Qph) (B3<k<n-1).
j=3 =2

=
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When ¢ is bounded, then we need the following
supplementary condition which is necessary and sufficient
together with @ (h) = 0.

=

dye]—a,al Zh]’%—vé]—a,a[ B3<k<n-—-1).
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When ¢ is bounded, then we need the following
supplementary condition which is necessary and sufficient
together with @ (h) = 0.

=

dye]—a,al Zh]’%—vé]—a,a[ B3<k<n-—-1).

For example, this is the case when
‘Zé;lzhk‘ <a (3<I<n-1)or

agzg{;lzhk<2a 3<i<n-1)or
—2a<22_:12hk§a 3<I<n-—-1).
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A continuum of solutions

fAss.ume that ¢ IS singular. Let us introduce the vector T
space

V2 ={XeR": % =T, DT = DZp_1, To =0}

endowed with the orientation of R"” and the norm
|x|| := max3<rx<p—1 |2%|. ItS €lements correspond to the

elements of R™ of the form (5”" L0, T3, Tt L= L) |
(s,7) € R x V"2 s a solution of the problem

D¢(Dxy) = fi(s + xp, Dry) — —ij s+ x4, Dzj)
71=2

2<k<n-—-1) (@3
o -
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then x = s + x Is a solution of the problem
Do(Dx) + Nf(x) = QN¢(x), x1=xp, Dz1= Dzxyp_1.

For each fixed s € R, problem (3) is equwalent to the fixed

point problem in V"2 : X = P(s,X), where P(s,X) = y and,
for3<k<n-—1,

k 7—1 n—1
B = 36 O ils + T DR) — —5 3 fin(s + T, D)
71=3 [=2 n m=2
n—1
+ Qp([fm(s + Tm, D) — %2 > fils + 3, DT}
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Lemma 3 The set S of the solutions (s,X) € R x V"2 of
problem

~

x = P(s,Xx)

contains a continuum C whose projection on R is R and
projection on V"2 is contained in the ball Bn-3)a-

o -
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Villari-type nonlinearities

=

fTheorem 1 Assume that ¢ Is singular and that there exists
R >0ande € {-1,1} such that

n—1
€ Z .. Dxi) >0 if min x> R, max |Dzxi| < a
k_sz( k> D) > ,Jnin wp 2 R, max [Day| < a,

n—1
€ .. Dxi) <0 if max 2z < —R. max |Dz.| < a.
;2]%( K, Dxy) < , Jpax T, < 72§k¢§n—2’ k|

Then
Do(Dx) + N¢(x) =0, x1=2x,, Dz =Dz,_1.

has at least one solution.

-
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fExamplel Ife=(e3,--- ,en_1),ce R\0,deR, g >0and T
p > 1, then the problem

Y <\/1D(a;xk)2) +d|Dag|? + clap P g = e (2<k<n—1)

r1 = Tp, Dr1=Dry_1,

has at least one solution.

Corollary 1 Assume that ¢ is singular. Let by, : R> — R
(2 <k <n-—1)bebounded on Rx| — a,al. Then, for each
1 # 0, the following problem has at least one solution:

D¢(Dxy) + pxr = hi(vg, Dx) 2<k<n-—1)
1 =xn,, Drxi=Dzx,_1.
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fLemma 4 Assume that ¢ : | — b,b|— | — a, a| Where T
0 <a,b<oco.Letx be a solution of

Do(Dx) + N¢(x) =0, x1=mp, Dxy=Dxy 1. (4)

and assume that there exists ¢ = (co,...,c,—-1) € R" 2 such
that |c™|; < a and

filu,v) > e, Y(u,0) € R 2<k <n—1 (5)

holds. Then

D < M
2;;?5_1! rr| < My,

where

L My = max{|¢~" (|c™[1)], ¢~ (=]e7[1)]}- o
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fTheorem 2 Assumethat ¢ : R — | —a,a| Wwhere 0 < a < oc.
Assume also that that there exists c like in Lemma 4. If
there exist M’ > My, R > 0 and e € {—1,1} such that

n—1
€ .. Dxi) >0 if min z: > R. max |Dzi| < M’
kz:sz( k> D) > ,Jnin x> R, max Dy ,

n—1
Eka(ZEk,D$k) <0 If max I < —R, max ’DZE]{;’ < M/,
k=2

2<k<n-—1 1<k<n-—1

then problem has at least one solution.
(B - H.B. Thompson)
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Corollary 2 Assume that ¢ : R — | — a,a| where 0 < a < oc.
Let ¢ : R — R be a continuous, bounded function such that
g<0,h=(hg, -+ ,hn—1),|h~ |1 < a and the following
Landesman-Lazer type condition is satisfied

=

—1
. 1 ..
lirgilig)g(u) < g hi < llurrigéfg(u).
k=2

Then the problem

Do(Dxp) + g(xr) =h 2<k<n-—1),
Tr1 = Ty, Drx1=Dry_q,

has at least one solution.

. -
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Corollary 3 Assume that ¢ : R — | — a,a| where 0 < a < oo.
Letp > 0,ar > 0,b, € R (2 <k <n—1) such that

"5 b < a. Then the periodic problem

=

D¢(Dxy) + ap(x; )P =b, (2<k<n-—1)
Tr1 = Ty, Drx1=Dry_q,

has at least one solution if and only if 7=, b, > 0.
When a;, < 0,0, € R (2 <k <n—1)suchthat >, b, < a,
problem bellow has at least one solution if and only if

n—1

o -
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Upper and lower solutions
. o

heorem 3 If
Do(Dx) + Nf(x) =0, x1=2x,, Dzx1=Dz,_1.

has a lower solution o and an upper solution 5 such that
a < (3, then the problem bellow has a solution x such that
a < x < (. (In the classical or bounded case the
nonlinearity does not depend on the derivative).

o -
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Upper and lower solutions

-

Theorem 4 |If

=

Do(Dx) + Nf(x) =0, x1=2x,, Dzx1=Dz,_1.

has a lower solution o and an upper solution 5 such that
a < (3, then the problem bellow has a solution x such that
a < x < (. (In the classical or bounded case the
nonlinearity does not depend on the derivative).

Let 7. : R — R, (2 < k <n—1) be the continuous functions

6]67 xr > ﬁ/{?
(@) =4 z, o<z <G
o, T < o,

_and define Fy(z,y) = fi((2),y), 2<k<n-—1). -
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We consider the modified problem

=

Dé(Dxg) — v + [Fi(zg, D) + y(zp)] =0 (2<k<n-1),
x1=12Tn, Dxi=Dx,_1,

We can show that if x is a solution of the modified problem
then o < x < ¢ and hence x is a solution of the initial
problem.

o -
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We consider the modified problem

=

Dé(Dxg) — v + [Fi(zg, D) + y(zp)] =0 (2<k<n-1),
x1=12Tn, Dxi=Dx,_1,

We can show that if x is a solution of the modified problem
then o < x < ¢ and hence x is a solution of the initial
problem.

Assume that ¢ is singular. Using Corollary 1, it follows that
the modified problem has at least one solution.

o -
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We consider the modified problem

=

Dé(Dxg) — v + [Fi(zg, D) + y(zp)] =0 (2<k<n-1),
x1=12Tn, Dxi=Dx,_1,
We can show that if x is a solution of the modified problem
then o < x < ¢ and hence x is a solution of the initial
problem.

Assume that ¢ Is classical or bounded. In this case we apply
the Brouwer degree to the homotopy (0 < A < 1)

ADG(Dxy) — xp + M EFp(vp) +e(ze)] 2<k<n-—1).

o -
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sting Lemmas 3, 4 and Theorem 3 we deduce the
following result.
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sting Lemmas 3, 4 and Theorem 3 we deduce the
following result.

Theorem 6 Assume that ¢ is singular. If
D¢(DX) + Nf(X) =0, z1=z,, Dxi=Dzx,_1.

has a lower solution o and an upper solution (5 then the
problem bellow has a solution x The result holds also in the
classical or bounded case, if the supplementary condition (5)
IS satisfied.

In the classical case, the theorem above is a discrete
version of a result due to I. Rachunkova and M. Tvrdy.
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