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Beam: a fourth-order problem0 t 1

u f

semilinear fourth-order Navier problem (ends supported, not 
lamped)( u(4)(t) = f(t; u(t); u0(t); u00(t)); t 2 [0; 1℄;u(0) = u00(0) = u(1) = u00(1) = 0Diri
hlet problem (
lamped ends)( u(4)(t) = f(t; u(t); u0(t); u00(t)); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0 (1)linear Diri
hlet eigenvalue problem ( u(4)(t) = �u(t); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0 (2)



weak solution of (2): 
riti
al point of �2 : W 2;20 (0; 1)! R ,�2(u) ≔ 12 Z 10 ju00(t)j2 dt� �2 Z 10 ju(t)j2 dt:
riti
al points of �p : W 2;p0 (0; 1)! R ,�p(u) ≔ 1p Z 10 ju00(t)jp dt� �p Z 10 ju(t)jp dt; p 2 (1;1)| weak solutions of the quasilinear fourth-order Diri
hlet eigenvalue problem( � p(u00(t))�00 = � p(u(t)); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0where  p(s) ≔ ( 0 for s = 0;jsjp�2s for s 6= 0

u 7! ( p(u00))00: p-biharmoni
 operator (u(4) for p = 2)u 7! ( p(u0))0: p-Lapla
ian (u00 for p = 2)denote p� = pp� 1;  p and  p� inverse fun
tions



Goals� spe
tral properties (simpli
ity, dis
reteness) of the Diri
hlet eigenvalue problem( � p(u00(t))�00 = � p(u(t)); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0 (3)and the Neumann eigenvalue problem (free ends)( � p(u00(t))�00 = � p(u(t)); t 2 [0; 1℄;u00(0) = ( p(u00))0(0) = u00(1) = ( p(u00))0(1) = 0 (4)

� existen
e theorem, global bifur
ation of nontrivial solutions of perturbed problems (3) and (4)



Initial value problem[Benedikt, J., \Uniqueness theorem for p-biharmoni
 equations",Ele
tron. J. Di�erential Equations 2002 (2002), � 53, pp. 1{17℄[Benedikt, J., \Uniqueness theorem for quasilinear 2nth-order equations",J. Math. Anal. Appl. 293 (2004), pp. 589{604℄linear se
ond-order initial value problem( �u00(t) = �u(t); t � t0;u(t0) = �; u0(t0) = �; (5)�; �; � 2 Rexisten
e: � 1 solution of the initial value problemuniqueness: � 1 solution of the initial value problemlo
al: on [t0; t0 + "℄ for an " > 0global: on [t0;+1) or [t0; t1℄ for arbitrary t1 � t0global uniqueness of the solution) 
ontinuous dependen
e of the solution on the initial 
onditions and parameters(5) is equivalent to ( u00(t) = u1(t); u0(t0) = �;u01(t) = ��u0(t); u1(t0) = �; t � t0right-hand side is Lips
hitz 
ontinuous



quasilinear se
ond-order initial value problem( �� p(u0(t))�0 = � q(u(t)); t � t0;u(t0) = �;  p(u0(t0)) = �; (6)p; q > 1, is equivalent to ( u00(t) =  p�(u1(t)); u0(t0) = �;u01(t) = �� q(u0(t)); u1(t0) = �; t � t0;where u0 = u, u1 =  p(u0)if p > 2 or q < 2, then the right-hand side is not Lips
hitz 
ontinuous (neither lo
ally):p > 2 )  0p�(0) =1 q < 2 )  0q(0) =1methods:lo
al existen
e: S
hauder �xed-point theorem, Peano theoremglobal existen
e: boundednesslo
al uniqueness: spe
ial estimatesglobal uniqueness: trivial 
onsequen
e of the lo
al uniquenesslo
al existen
e and uniqueness for (6) with � � 0: Dr�abek, Man�asevi
h (1999)p � q or � � 0 ) global existen
ep < q and � < 0: 
ounterexample to global existen
e (blow-up)p � q or � � 0 ) global uniquenessp > q and � < 0: 
ounterexample to lo
al uniqueness



generalization: 2nth-order problem( (�1)n� p(u(n)(t))�(n) = � q(u(t)); t � t0;u(i)(t0) = �i; ( p(u(n)))(j)(t0) = �j; i; j 2 f0; 1; : : : ; n� 1g (7)lo
al existen
e and uniqueness for (7) with n = 2, p = q and � > 0: Dr�abek, ^Otani (2001)p � q YES(�1)n� > 0 NO (
ounterexample){ blow-up for 
ertain initial 
onditionsp < q � = 0 YES (trivial)(�1)n� < 0 ? (YES for n = 1)Global existen
e of the solution of (7)n�1Xi=0 j�ij + n�1Xj=0 j�jj > 0 YESp � q YES�0 = � � � = �n�1 = (�1)n� > 0 NO (
ounterexample)= �0 = � � � = �n�1 = 0 p > q � = 0 YES (trivial)(�1)n� < 0 ? (YES for n = 1)Lo
al uniqueness of the solution of (7)



the most general problem( (�1)n�a(t) p(t)(u(n)(t))�(n) = b1(t) q1(t)(u+(t))� b2(t) q2(t)(u�(t)); t � t0;u(i)(t0) = �i; (a p(u(n)))(j)(t0) = �j; i; j 2 f0; 1; : : : ; n� 1gwhere n 2 N , a; b1; b2; p; q1; q2 2 C, a > 0, p; q1; q2 > 1,�0; : : : ; �n�1; �0; : : : ; �n�1 2 R ,u+ = maxfu; 0g and u� = maxf�u; 0g (i.e., u = u+ � u�)



Boundary value problem[Benedikt, J., \On simpli
ity of spe
tra of p-biharmoni
 equations",Nonlinear Anal. 58 (2004), � 7{8, pp. 835{853.℄[Benedikt, J., \On the dis
reteness of the spe
tra of the Diri
hlet and Neumann p-biharmoni
 problem",Abstr. Appl. Anal. 293 (2004), pp. 589{604.℄[Benedikt, J., \Continuous dependen
e of eigenvalues of p-biharmoni
 problems on p"℄Krato
hv��l, Ne�
as (1971): eigenvalues of the Diri
hlet problem (3) for p � 2 form a sequen
e0 < �1(p) < �2(p) < � � � ! +1, the set of 
orresponding eigenfun
tions is dis
rete, there exist at most �nitelymany linearly independent eigenfun
tions, 
orresponding to one eigenvaluePinkus (1985): there exists a sequen
e of positive simple eigenvalues of the Diri
hlet problem (3), the eigenfun
tion,
orresponding to the nth eigenvalue has pre
isely n� 1 zeros in (0; 1)Diri
hlet problem:� the eigenvalues of (3) form a sequen
e 0 < �Dir1 (p) < �Dir2 (p) < � � � ! +1,� every �Dirn (p) is simple, isolated, the 
orresponding eigenfun
tion has n� 1 zeros in (0; 1),� the fun
tions p 7! �Dirn (p), n 2 N , are 
ontinuous on (1;1),� the set of all eigenfun
tions is dis
rete in C2[0; 1℄,� �Navn (p) < �Dirn (p) < �Navn+1(p) for all n 2 N and p 2 (1;1)



0 5 10 15
1.5

2

2.5

3

4p�

p �Nav1 �Dir1 �Nav2 �Dir2

interla
ing propertyNeumann problem:� the eigenvalues of (4) form a sequen
e 0 = �Neu0 (p) < �Neu1 (p) < � � � ! +1,� every �Neun (p), n > 0, is simple and isolated, the 
orresponding eigenfun
tion has exa
tly n+1 zeros in (0; 1),�Neu0 (p) = 0 is not simple,� the fun
tions p 7! �Neun (p), n � 0, are 
ontinuous on (1;1),� the set of all eigenfun
tions is dis
rete in C2[0; 1℄,� �Navn (p) < �Neun (p) < �Navn+1(p) for all n 2 N and p 2 (1;1)Moreover, for n 2 N we have �Neun (p) = ��Dirn (p�)�p�1.



nonhomogeneous Diri
hlet problem:( � p(u00(t))�00 = � q(u(t)); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0� if u; v are solutions and u00(0) = v00(0), then u � v

2nth-order Diri
hlet problem:( (�1)n� p(u(n)(t))�(n) = � p(u(t)); t 2 [0; 1℄;u(i)(0) = u(i)(1) = 0; i 2 f0; : : : ; n� 1g� every eigenvalue is positive and simple2nth-order Neumann problem:( (�1)n� p(u(n)(t))�(n) = � p(u(t)); t 2 [0; 1℄;u(i)(0) = u(i)(1) = 0; i 2 fn; : : : ; 2n� 1g� every eigenvalue is nonnegative and every positive eigenvalue is simple



Global bifur
ation[Benedikt, J., \Global bifur
ation result for Diri
hlet and Neumann p-biharmoni
 problem"℄Diri
hlet problem: ( � p(u00(t))�00 = � p(u(t)) + g(t; �; u(t); u0(t); u00(t)); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0; (8)� bifur
ation parameter, g : [0; 1℄� R 4 ! R 
ontinuous,g(t; �; s0; s1; s2) = o �(js0j + js1j + js2j)p�1� ; js0j + js1j + js2j ! 0;uniformly for t 2 [0; 1℄ and � from any bounded subset of R . (9)Then every point (�Dirn (p); 0) 2 R � C2[0; 1℄, n 2 N , belongs to a 
omponent of the 
losure of the set of allnontrivial solutions (�; u) of (8), whi
h is either unbounded in R � C2[0; 1℄, or it 
ontains an even number ofpoints (�Dirn (p); 0), n 2 N .Neumann problem: ( � p(u00(t))�00 = � p(u(t)) + g(t; �; u(t); u0(t); u00(t)); t 2 [0; 1℄;u00(0) = ( p(u00))0(0) = u00(1) = ( p(u00))0(1) = 0; (10)g : [0; 1℄� R 4 ! R 
ontinuous and satis�es (9).Then every point (�Neun (p); 0) 2 R � C2[0; 1℄, n > 0, belongs to a 
omponent of the 
losure of the set of allnontrivial solutions (�; u) of (10), whi
h is either unbounded in R � C2[0; 1℄, or it 
ontains an even number ofpoints (�Neun (p); 0), n > 0.



Existen
e in nonresonan
eDiri
hlet problem: ( � p(u00(t))�00 = f(t; u(t); u0(t); u00(t)); t 2 [0; 1℄;u(0) = u0(0) = u(1) = u0(1) = 0; (11)f : [0; 1℄� R 3 ! R 
ontinuous.If for a �L 2 R , not an eigenvalue of (3),f(t; s0; s1; s2)� �L p(s0) = o �(js0j + js1j + js2j)p�1� ; js0j + js1j + js2j ! 1; unif. for t 2 [0; 1℄, (12)then (11) has a solution.If, moreover,f(t; s0; s1; s2)� �S p(s0) = o �(js0j + js1j + js2j)p�1� ; js0j + js1j + js2j ! 0; unif. for t 2 [0; 1℄; (13)for a �S 2 R , neither an eigenvalue of (3), and the number of the eigenvalues of (3) between �L and �S is odd,then (11) has the trivial and a nontrivial solution.Neumann problem: ( � p(u00(t))�00 = f(t; u(t); u0(t); u00(t)); t 2 [0; 1℄;u00(0) = ( p(u00))0(0) = u00(1) = ( p(u00))0(1) = 0; (14)f : [0; 1℄� R 3 ! R 
ontinuous.If (12) for a �L 2 R , not an eigenvalue of (4), then (14) has a solution.If, moreover, (13) for a �S 2 R , neither an eigenvalue of (4), and the number of positive eigenvalues of (4)between �L and �S is odd, then (14) has the trivial and a nontrivial solution.


