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1 Introduction

We consider a problem which origin was the Lagrange problem of finding the form of the firmest column of
given volume. The Lagrange problem was the source for different extremal eigenvalue problems. Some of them
are eigenvalue problems for second-order differential equations with integral conditions on the potential.

The Dirichlet problem for the equation y′′+λQ(x)y = 0 with a non-negative summable on [0, 1] function
Q satisfying the condition

∫ 1

0
Qγ(x)dx = 1, as γ ∈ R, γ 6= 0, was considered in [1]. The Dirichlet problem for

the equation y′′ −Q(x)y + λy = 0 with a real integrable on (0, 1) by Lebesgue function Q was considered in [2]
for γ > 1. In this paper we consider a problem of that kind in the case when the integral condition contains a
weight function.

Consider the Sturm–Liouville problem

y′′ + Q(x)y + λy = 0, x ∈ (0, 1), (1)
y(0) = y(1) = 0, (2)

where Q belongs to the set Tα,β,γ of all real–valued locally integrable functions on (0, 1) with non–negative
values such that the following integral condition holds∫ 1

0

xα(1− x)βQγ(x)dx = 1, α, β, γ ∈ R, γ 6= 0. (3)

A function y is a solution to problem (1), (2) if it is absolutely continuous on the segment [0, 1], satisfies
(2), its derivative y′ is absolutely continuous on any segment [ρ, 1− ρ], where 0 < ρ < 1

2 , and equality (1) holds
almost everywhere in the interval (0, 1).

We give estimates for

mα,β,γ = inf
Q∈Tα,β,γ

λ1(Q), Mα,β,γ = sup
Q∈Tα,β,γ

λ1(Q).

For any function Q ∈ Tα,β,γ by HQ we denote the closure of the set C∞
0 (0, 1) in the norm

‖y‖HQ
=

(∫ 1

0

y′
2
dx +

∫ 1

0

Q(x)y2dx

) 1
2

.

For any function Q ∈ Tα,β,γ we can prove (see, for example, [7], [9]) that

λ1(Q) = inf
y∈HQ\{0}

R[Q, y], where R[Q, y] =

∫ 1

0

(
y′

2 −Q(x)y2
)

dx∫ 1

0
y2dx

.

2 Some estimates for the first eigenvalue of a Sturm-Liouville prob-
lem with a weighted integral condition

For problem (1)–(3) for α = β = 0 the following theorem was proved (see, for example, [4] – [6]).

Theorem 1 1. If γ > 1 then m0,0,γ > π2

2 , M0,0,γ = π2 and there exist functions Q∗ ∈ T0,0,γ and u ∈ H1
0 (0, 1)

such that m0,0,γ = R[Q∗, u] > π2

2 .
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2. If γ = 1 then M0,0,1 = π2, m0,0,1 = λ∗, where λ∗ ∈ (0, π2) is the solution to the equation 2
√

λ = tg
(√

λ
2

)
.

Here m0,0,1 is attained at Q(x) = δ
(
x− 1

2

)
.

3. If 1/2 6 γ < 1 then m0,0,γ = −∞, M0,0,γ = π2.

4. If 1/3 6 γ < 1/2 then m0,0,γ = −∞, M0,0,γ 6 π2.

5. If 0 < γ < 1/3 then m0,0,γ = −∞, M0,0,γ < π2.

6. If γ < 0 then m0,0,γ = −∞, M0,0,γ < π2, and there exist functions Q∗ ∈ T0,0,γ and u ∈ H1
0 (0, 1) such that

M0,0,γ = R[Q∗, u].

Remark 1 The result M0,0,γ < π2 for 0 < γ < 1/2 was obtained in [3].

The following theorem gives some results for arbitrary real numbers α, β.

Theorem 2 1. For any α, β, γ, γ 6= 0, we have Mα,β,γ 6 π2.

2. If γ < 0 or 0 < γ < 1 then mα,β,γ = −∞.

3.1 If γ = 1 and α, β 6 0 then mα,β,γ > 3
4π2.

3.2 If γ = 1, β 6 0 < α 6 1 or α 6 0 < β 6 1 then mα,β,γ > 0.

3.3 if γ = 1, 0 < α, β 6 1 then −π2 6 mα,β,γ 6 π2;

3.4 if γ > 1 and 0 < α, β 6 2γ − 1 then mα,β,γ >

(
1− 2

3γ−2
γ

(
2γ−1

γ

) 2γ−1
γ

)
π2;

3.5 if γ > 1 and β 6 0 < α 6 2γ − 1 or α 6 0 < β 6 2γ − 1 then mα,β,γ >

(
1−

(
2γ−1

γ

) 2γ−1
γ

)
π2;

3.6 if γ > 1 and α, β 6 0 then mα,β,γ > 0.

Proof

1. Let α, β, γ be arbitrary real numbers, γ 6= 0. Let us prove that Mα,β,γ 6 π2.

Consider the function

vε(x) =


0, 0 < x < ε ;
1, ε 6 x 6 1− ε ;
0, 1− ε < x < 1 ,

where 0 < ε < 1.
By average processing we obtain the function yε(x) = vερ(x) · sinπx of C∞

0 (0, 1), ρ < ε.
Since ‖yε(x)− sinπx‖H1

0 (0,1) → 0 as ε → 0 and

inf
y∈H1

0 (0,1)
V [y] = inf

y∈H1
0 (0,1)

∫ 1

0
y′

2
dx∫ 1

0
y2

= π2

then for any ε we have

V [yε] =

∫ 1

0
y′ε

2
dx∫ 1

0
y2

ε dx
> π2 and V [yε] → π2 as ε → 0.

Then for any function Q ∈ Tα,β,γ we have R[Q, yε] < V [yε] =
∫ 1
0 y′ε

2dx∫ 1
0 y2

ε dx
. Consequently, for any function Q ∈ Tα,β,γ

we obtain
inf

y∈HQ\{0}
R[Q, y] 6 lim

ε→0
R[Q, yε] 6 lim

ε→0
V [yε] = π2,

and therefore,
Mα,β,γ = sup

Q∈Tα,β,γ

inf
y∈HQ\{0}

R[Q, y] 6 π2.
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2. Let us prove that if γ < 0 or 0 < γ < 1 then mα,β,γ = −∞.

2.1) Suppose that γ < 0, α, β > 0. Put α > β. Consider the function

Qε,α,β,γ(x) =



(
1− ε2α(1− ε)α

2ε

) 1
γ

x−
α
γ (1− x)−

β
γ , 0 < x < ε ;(

ε2α(1− ε)α

1− 2ε

) 1
γ

x−
α
γ (1− x)−

β
γ , ε 6 x 6 1− ε;(

1− ε2α(1− ε)α

2ε

) 1
γ

x−
α
γ (1− x)−

β
γ , 1− ε < x < 1,

where 0 < ε < 1. Then∫ 1−ε

ε

y2dx 6
∫ 1−ε

ε

x−
α
γ (1− x)−

α
γ

ε−
α
γ (1− ε)−

α
γ

(1− x)
α−β

γ y2dx =

=
ε−

α
γ

(1− 2ε)−
1
γ

∫ 1−ε

ε

ε
α
γ

(1− 2ε)
1
γ

· x−
α
γ (1− x)−

β
γ

ε−
α
γ (1− ε)−

α
γ

y2dx =

=
ε−

α
γ

(1− 2ε)−
1
γ

∫ 1−ε

ε

Qε,α,β,γ(x)y2dx.

For any y ∈ HQε,α,β,γ
by the the Hölder inequality we have

∫ 1

0

y2dx =
∫ ε

0

y2dx +
∫ 1−ε

ε

y2dx +
∫ 1

1−ε

y2dx 6

6
ε2

2

∫ ε

0

y′2dx +
ε−

α
γ

(1− 2ε)−
1
γ

∫ 1−ε

ε

Qε,α,β,γ(x)y2dx +
ε2

2

∫ 1

1−ε

y′2dx.

Then∫ 1

0

Qε,α,β,γ(x)y2dx >
∫ 1−ε

ε

Qε,α,β,γ(x)y2dx >

(∫ 1

0

y2dx− ε2

2

∫ 1

0

y′2dx +
ε2

2

∫ 1−ε

ε

y′2dx

)
ε

α
γ

(1− 2ε)
1
γ

.

For any ε the function y∗ = sinπx belongs to the space HQε,α,β,γ
and∫ 1

0

y∗
2dx =

1
2
,

∫ 1

0

y∗
′2dx =

π2

2
,

∫ 1−ε

ε

y∗
′2dx =

π2

2
(1− 2ε)− π

2
sin 2πε,

Thus

inf
y∈HQε,α,β,γ

\{0}
R[Qε,α,β,γ , y] 6 R[Qε,α,β,γ , y∗] = π2 −

(
1− ε3π2 − π

2
ε2 sin 2πε)

)
· ε

α
γ

(1− 2ε)
1
γ

.

Therefore,

mα,β,γ = inf
Q∈Tα,β,γ

inf
y∈HQ\{0}

R[Q, y] 6 lim
ε→0

inf
y∈HQε,α,β,γ

\{0}
R[Qε,α,β,γ , y] 6 lim

ε→0
R[Qε,α,β,γ , y∗] = −∞.

If β > α then on the segment [ε, 1− ε] we define the function Qε,α,β,γ as follows

Qε,α,β,γ =
(

ε2β(1− ε)β

1− 2ε

) 1
γ

x−
α
γ (1− x)−

β
γ =

ε
β
γ

(1− 2ε)
1
γ

· x−
β
γ (1− x)−

β
γ

ε−
β
γ (1− ε)−

β
γ

· x
β−α

γ ,

similarly we obtain mα,β,γ = −∞.

2.2) Suppose that γ < 0, β 6 0 < α. Consider the function

Qε,α,β,γ(x) =

 (α + 1)
1
γ ε−

α+1
γ (1− ε)

1
γ (1− x)−

β
γ , 0 < x 6 ε ;

(α + 1)
1
γ ε

1
γ (1− εα+1)−

1
γ (1− x)−

β
γ , ε < x < 1,
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where 0 < ε < 1.

For any function y ∈ HQε,α,β,γ
by the the Hölder inequality we obtain∫ 1

0

y2dx =
∫ ε

0

y2dx +
∫ 1

ε

y2dx 6
ε2

2

∫ ε

0

y′2dx +
(

1
α + 1

) 1
γ

ε−
1
γ (1− εα+1)

1
γ

∫ 1

ε

Qε,α,β,γ(x)y2dx.

Then ∫ 1

ε

Qε,α,γ(x)y2dx > (α + 1)
1
γ ε

1
γ (1− εα+1)−

1
γ

(∫ 1

0

y2dx− ε2

2

∫ 1

0

y′2dx

)
.

For any ε the function y∗ = (1− x)
β
γ sinπx belongs to the space HQε,α,β,γ

and

R[Qε,α,γ , y∗] 6

∫ 1

0
y∗
′2dx + (α + 1)

1
γ ε

1
γ (1− εα+1)−

1
γ ( ε2

2 ·
∫ 1

0
y∗
′2dx−

∫ 1

0
y∗

2dx)∫ 1

0
y∗2dx

.

Therefore,

mα,β,γ = inf
Q∈Tα,β,γ

inf
y∈HQ\{0}

R[Q, y] 6 lim
ε→0

inf
y∈HQε,α,β,γ

\{0}
R[Qε,α,β,γ , y] 6 lim

ε→0
R[Qε,α,β,γ , y∗] = −∞.

Note that the case γ < 0, α 6 0 < β is symmetrical with the case γ < 0, β 6 0 < α.

2.3) Suppose that γ < 0, α, β 6 0. Consider the function

Qε,α,β,γ(x) =

 (1− ε)
1
γ ε−

1
γ x−

α
γ (1− x)−

β
γ , 0 < x 6 ε ;

(1− ε)−
1
γ ε

1
γ x−

α
γ (1− x)−

β
γ , ε < x < 1,

where 0 < ε < 1. For any ε the function y∗ = x
α
γ (1− x)

β
γ sinπx belongs to the space HQε,α,β,γ

and similarly to
the cases 2.1) and 2.2) we obtain mα,β,γ = −∞.

2.4) Suppose that 0 < γ < 1 and α, β are arbitrary real numbers. For 0 < ε < 1 consider the function

Qε,α,β,γ(x) =


0, 0 6 x <

1
2
− ε

2
;

ε−
1
γ x−

α
γ (1− x)−

β
γ ,

1
2
− ε

2
6 x 6

1
2

+
ε

2
;

0,
1
2

+
ε

2
< x 6 1.

For any ε the function y∗ = sinπx belongs to the space HQε,α,β,γ
and for any ε, α, β, γ there exists a

constant C = min[ 12−
ε
2 , 1

2+ ε
2 ] x

−α
γ (1− x)−

β
γ such that

∫ 1

0

Qε,α,β,γ(x)y∗2dx >
∫ 1

2+ ε
2

1
2−

ε
2

ε−
1
γ x−

α
γ (1− x)−

β
γ sin2 πxdx >

> C · ε−
1
γ

∫ 1
2+ ε

2

1
2−

ε
2

1− cos 2πx

2
dx = C · ε−

1
γ

(
ε

2
+

sinπε

2π

)
.

similarly to the cases 2.1)— 2.3) we obtain mα,β,γ = −∞.

3.1. Suppose that γ = 1 and α, β 6 0. It was proved (see, for example, [1]) that for any function
y ∈ H1

0 (0, 1) the inequality sup
[0,1]

y2 6 1
4

∫ 1

0
y′

2
dx holds. For any function Q ∈ Tα,β,γ and for any function y ∈ HQ

we obtain∫ 1

0

Q(x)y2dx 6 sup
[0,1]

y2

xα

∫ 1

0

Q(x)xαdx 6 sup
[0,1]

y2

xα

∫ 1

0

Q(x)xα(1− x)βdx 6 sup
[0,1]

y2

xα
6 sup

[0,1]

y2 6
1
4

∫ 1

0

y′
2
dx.

Therefore,

mα,β,γ = inf
Q∈Tα,β,γ

inf
y∈HQ\{0}

R[Q, y] >
3
4

inf
Q∈Tα,β,γ

inf
y∈HQ\{0}

∫ 1

0
y′

2
dx∫ 1

0
y2dx

>
3
4

inf
y∈H1

0 (0,1)\{0}

∫ 1

0
y′

2
dx∫ 1

0
y2dx

=
3
4
π2.
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3.2. Suppose that γ = 1, β 6 0 < α 6 1. For any function Q ∈ Tα,β,γ we have∫ 1

0

Q(x)y2dx =
∫ 1

0

Q(x)y2xαx−αdx 6 sup
[0,1]

y2

xα

∫ 1

0

Q(x)xα(1− x)βdx 6 sup
[0,1]

y2

x
.

For any x ∈ (0, 1) by the the Hölder inequality we obtain

y2(x) =
(∫ x

0

y′(t)dt

)2

6 x

∫ x

0

y′2(t)dt 6 x

∫ 1

0

y′2(t)dt and sup
[0,1]

y2

x
6

∫ 1

0

y′2dx.

Then

mα,β,γ = inf
Q∈Tα,β,γ

inf
y∈HQ\{0}

∫ 1

0
y′

2 −
∫ 1

0
Q(x)y2dx∫ 1

0
y2dx

> 0.

Note that the case α 6 0 < β 6 1 = γ is symmetrical with the case β 6 0 < α 6 1 = γ. Similarly we can prove
the results of 3.3) — 3.6).
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