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1 Introduction

We consider a problem which origin was the Lagrange problem of finding the form of the firmest column of
given volume. The Lagrange problem was the source for different extremal eigenvalue problems. Some of them
are eigenvalue problems for second-order differential equations with integral conditions on the potential.

The Dirichlet problem for the equation y” + AQ(x)y = 0 with a non-negative summable on [0, 1] function
Q satisfying the condition fol Q7 (z)dx =1, as v € R,y # 0, was considered in [1]. The Dirichlet problem for
the equation y” — Q(z)y + Ay = 0 with a real integrable on (0, 1) by Lebesgue function @) was considered in [2]
for v > 1. In this paper we consider a problem of that kind in the case when the integral condition contains a
weight function.

Consider the Sturm-Liouville problem

y' +Qx)y+ Iy =0, xe(0,1), (1)
y(0) = y(1) =0, (2)

where @) belongs to the set T, g~ of all real-valued locally integrable functions on (0,1) with non-negative
values such that the following integral condition holds

1
/x“(l—x)ﬁQ'y(x)dle, a, B,y € R,y #0. (3)
0

A function y is a solution to problem (1), (2) if it is absolutely continuous on the segment [0, 1], satisfies
(2), its derivative y’ is absolutely continuous on any segment [p, 1 — p], where 0 < p < %, and equality (1) holds
almost everywhere in the interval (0, 1).

We give estimates for

Mag~r = _inf  Ai(Q), Mapg,= sup M(Q).
Q€T 3, Q€Tn 5,

For any function @ € Ty, g, by Hg we denote the closure of the set C§°(0, 1) in the norm

1 1 1
||yHQ:( / o+ / Q(:r)dex) |

For any function @) € Ty, g, we can prove (see, for example, [7], [9]) that

M(O) =  inf R here R _ I (y/2 B Q(x)y2> d
1(Q) = yeﬁg\{o} [Q,y], where R[Q,y] = fol v2dx ’

2 Some estimates for the first eigenvalue of a Sturm-Liouville prob-

lem with a weighted integral condition

For problem (1)—(3) for & = 8 = 0 the following theorem was proved (see, for example, [4] — [6]).

Theorem 1 1. Ify > 1 thenmg o,y = L;, Moo, = 72 and there exist functions Q. € To,0,y andu € H&(O, 1)
such that mo o = R[Qx,u] > %2



2. If y=1then Moo 1 = m2, moo1 = A, where A € (0,72) is the solution to the equation 2V =tg (T)\> .
Here mo .1 is attained at Q(z) =6 (z — 3).
If1/2 <y <1 then mgg, = —00, Moo~ = 7.

If1/3 <y < 1/2 then mo,g,, = —00, Moo, < 7°.

If 0 <y < 1/3 then mg~, = —00, Moo~ < 2.

RN

If v < 0 then mg 9, = —00, Moo < 72, and there exist functions Q. € Ty~ and u € H}(0,1) such that
Moo,y = R[Qx, u].

Remark 1 The result Moo, < 72 for 0 <~ < 1/2 was obtained in [3].

The following theorem gives some results for arbitrary real numbers «, 3.

Theorem 2 1. For any a, 8,7, v # 0, we have M, g, < 2.

2. Ify<0or0<+~<1then myg, = —00.
3.1 Ify=1and o,3 <0 then ma .~ > %w?
321Ify=1,<0<a<lora<0<B<1 then map~ = 0.

33ify=1,0<q,B<1 then —7? < Ma, By < w2;

3y-2 2'\/"71
34 ify>land0<a, 8<2y—1then myg~ = (1—2 2 (#) )7?2;

29-1
35 ify>land f<0<a<2y—1ora<0<f3<2y—1thenmag~ = <1—<271) K >7r2;
3.6 ify>1ando,B <0 then myp~ = 0.

Proof

1. Let «, 3,7 be arbitrary real numbers, v # 0. Let us prove that M, g~ < 72,

Consider the function
0, O0<x<e;
ve(r) =< 1, e<z<1l—¢;
0, 1—e<ax<l1,
where 0 < e < 1.
By average processing we obtain the function y.(x) = v, ,(z) - sinmz of C§°(0,1), p < e.
Since ||y (2) — sin 7| g1(0,1) — 0 as € — 0 and

! y’Qda:
inf V[yl= inf 07— =g?
yEHE(0,1) y€HS(0,1) fo 72
then for any £ we have
L2
Viy.] = Olyie >n2 and V[y]—7® as e —0.
fo y2dx
1,72
Then for any function @ € T, g we have R[Q, y:] < V]ye] = f01 i’; ;z. Consequently, for any function @ € T, 3 4
Jo Je

we obtain
inf R < lim R[Q, v.] < lim V[y.] = 72,
L . @ y] < lim R[Q, ye] < lim Viy.] =7
and therefore,

M, = sup inf  R[Q,y] < 7.
BT ey, vEHR\{(0} @4



2. Let us prove that if vy <0 or 0 <y < 1 then mq g, = —00.
2.1) Suppose that v < 0, o, 3 > 0. Put o > 3. Consider the function

1
1—-e?(1-e)*\" _a
< : ( E) ) w7?(1_$)7g7

O<zr<e;
2e ’

1
2a 1— g 5 o
Qe a,py(x) = <El(—25€)> (1 - x)_%, e<zr<1l—g¢;
1
1—e?(1—e)*\"7 _a
<5(5)) x” (1 fx)_%, l-e<z<l,
2e
where 0 < € < 1. Then
1—¢ l—e —2 —a
1— ~
/ yzdm</ x_l( (1 —2) 7 yide =
e < e v (1— 5
_a 1—¢ o o _8
¥ v v (1 ¥
= : T / = T x,g( ),g yzdx_
(1—-2e)"7 Je (1—-2e)7 e "(1— g
57% 1—¢
=7 Q0,6 (2)y’dz.
(1—2¢)" 7 Je !
For any y € Hg, ,, ;.. by the the Holder inequality we have
1 € 1—¢ 1
/ yide = / y2dx —l—/ y2dx —|—/ yidr <
0 0 3 1—¢
2 € -2 1—¢ 2 1
€ e €
< —/ y?de + ——— Qe.ap(x)y?de + — y'2da.
2 0 (1 — 26) v Je 2 l1—e
Then
1 1—¢ 1 g2 ! g2 [l-e 5
/ Qz.0p~(2)yPde > Qe.ap~(2)y?de > (/ yide — —/ y2dx + 7/ y’2daj> .
0 € 0 2 Jo 2 Je (1—-2¢e)~
For any ¢ the function y, = sinmx belongs to the space Hg, , ,  and
1 1 2 1—¢ 2
1
/0 yi2dx = 3 /0 Y 2dx = %, /E Y 2dx = 7%(1 —2) — gsin%ra,
Thus N
™ €
inf RQc.opys V] < RlQeapm, Y] = T2 — (1 —e3n? — —e?sin 2#5)) —
veHa, . 5 \{0) [ By ] [ By ] 9 (1—20)%
Therefore,
Ma, = inf inf  R[Q,y] < lim inf RlQca s~y <lim R[Q: o 8.~,Ys] = —00.
By QETh 4. ye Ho\ [0} (@, Y] e0yerq, , \0} Q<084 Y] e Qe 0,87, Y]
If B > « then on the segment [e,1 — €] we define the function Q) o 3,4 as follows
e28(1 —¢)P T e _B et x*%(l—x)*g o
Qeopy=(—F—5—) 2 "(A—-2)"" = T 5T
1-—2¢ (1-2e)" e 7(1—¢g)" 7

similarly we obtain mq g, = —00.

2.2) Suppose that v < 0, 8 < 0 < a. Consider the function

o 8
0 (z) = (a—i—l)%a_%(l—a)%(l—x)*?, 0<z<e;

€,a,8,y - B
(o + 1)%5%(1 —EO‘H)_%(l —x) 7, e<z<l,



where 0 < € < 1.
For any function y € Hq. , , . by the the Hélder inequality we obtain

1 € 1 g2 [ 1 T, !
/ y2dx :/ y2d:c+/ yidr < —/ y"?dx + <> e 7 (l- s”‘“)?/ Qs,aﬁﬁ(x)yzd:v.
0 0 e 2 Jo a+1 e

Then . L y
/ Qe (@)ydr > (a+ 1)7er (1) (/ yide - %/ WI) ‘
€ 0 0
For any ¢ the function y, = (1 — x)% sin 7z belongs to the space Hq, , , . and
Jo :Pde + (a+ D)Ter (L) (5 - oy Pde — [y y2di)
[Qe a7y y*] T 5
fo Y 2dx

Therefore,

Ma = inf inf inf a By < lim R .8~y Ys| = —00.

By QETn 4. ye Ho\ [0} R[Q,y] < EHOyGHQEMM\{O} R[Qc 0,84, e, Qe84 Y]

Note that the case v < 0, a < 0 < 3 is symmetrical with the case v < 0, § <0 < a.

2.3) Suppose that v < 0, o, 8 < 0. Consider the function

1 1 _a _B
(I—-e)e vz 7"(l—2)"7, O0<z<e;
Qs,a,ﬂ,’y(w) - 1 1 _a B
(I1—g) 7eva "(1—a) 7, e<z<l,
o s
where 0 < e < 1. For any ¢ the function y. = 27 (1 — )~ sin 7o belongs to the space Hg_ , ,  and similarly to

the cases 2.1) and 2.2) we obtain mq g, = —00.

2.4) Suppose that 0 < v < 1 and «, § are arbitrary real numbers. For 0 < ¢ < 1 consider the function

€
0, 0<r< - — =
TS97 3
_1l1 _a _B 1 13 1 g
Qeopry(T) =1 € e T (1-2) 7, §—§<$<§+§§
1
0, ~4+-<z<1
sty <?

For any e the function y. = sinwz belongs to the space Hgq. , , ., and for any €, , 3,7 there exists a

@ B
constant C' =minj1 _c 1,72~ 7 (1 — )~ 7 such that
[3—-5:3+5]

NI
(S}

1 ) 5, . s,
/ Qe,a.8. (@)Y da 2/ e vx”y (1 —x)” 7 sin® mede >
0

1_
51+5 1 9 :
1 — cos 2z _1 (e sinmwe
>C-¢ “// ———dx=C-¢ W(—!— )
1

373
_ 2 2 27

3735
similarly to the cases 2.1)— 2.3) we obtain mq g, = —o0.

3.1. Suppose that v = 1 and a,8 < 0. It was proved (see, for example, [1]) that for any function
y € H{(0,1) the inequality supy? < % fol y'%dx holds. For any function Q € Ta,3,4 and for any function y € Hg

[0,1]
we obtain
1 y2 1 1 9
/ Q(z)y’dr < Sup— Q( )zYdx < sup—/ Q(z)z*(1 — z)Pdx < sup = < supy?® < 7/ y' “dx.
[0,1] ¢ [0,1] ¢ 0,1 % [0,1] 4 Jo
Therefore,
1 12 1 /2
d d
Magy =  inf inf  R[Q,y] > 3 inf inf fo y o > 3 inf M = §7r2.
Q€Ta,3,y ycHQ\{0} 4 Q€Tu 6,4 yeHq\{0} f y2dx 4 yeHL(0,1)\{0} fo y2da 4



3.2. Suppose that vy =1, 8 <0 < o < 1. For any function Q € T, g we have

1 1
/ Q(x)y dr = / Q(z)y*x2~%dx < sup —/ Q(x)z*(1 — z)Pdx < sup yj
0 0

[0,1] T 0,1 &

For any x € (0,1) by the the Holder inequality we obtain

T 2 T 1 2 1
yz(x) = (/ y'(t)dt> < x/ y'2(t)dt < x/ y'2(t)dt and sup L < / y?dx.
0 0 0 0,1 € 0

Then

f fO 2dx 2 0

inf
Q€Ta,5, yEHQ\{0} fo 2da:

Ma,By =

Note that the case & < 0 < § < 1 =« is symmetrical with the case 8 < 0 < a < 1 =~. Similarly we can prove
the results of 3.3) — 3.6).
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