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Definitions of the functions sinp, sinhp and the number 7
Basic knowledge Basic properties

and Maclaurin series

For p > 1, we define sin, as the
solution of initial value problem

{ — (Ju'[P2u) = NulP~2u =
u(0)=0, u'(0) =

for \=p—1.

Function sin (i.e. p = 2) is the solution
of initial value problem

0, —u"—Au = 0,
u(0)=0, v'(0) = 1,

for A =1.
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Basic knowledge

Function sinp:

® 6 6 o o

[

continuity

2mp-periodicity

oddness

reflection sin,(x) = siny (%2 — x)
sin,(0) =0

sin () =1

increasing on (*%, %)
decreasing on (%2, 7,) and

(_”P’ _%)

p-trigonometric identity
| sinp(x)|P + |sin,(x)[P =1onR
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Function sinh,:

Definitions of the function p. sinhp and the number 7
Basic knowledge Basic properties

P

Differentiability and Maclaurin series
Open problems

continuity

oddness 57

sinh,(0) =0 M

increasing on R 3y

p-hyperbolic identity 2y

|sinh;(x)\p—|sinhp(x)\p: 1 1t

on R ol
b
ol
-3r sinhy 5 (7 52)

sinhy ()
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the fun p. sinhp and the number 7

Basic knowledge
Differentiability and Maclaurin series
Open problems

How to effectively compute sin,, ?
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Idea:
Using Maclaurin series.



the functions sinp, sinhp and the number 7,

Basic knowledge 3asic
Differentiability and Maclaurin series
Open problems

How to effectively compute sin,, ?

Idea:
Using Maclaurin series.

Generalized Maclaurin series: 7% a; - x - [x|"", r > 1.
For sin,, it converge on "small” neighborhood of 0 [Paredes, Uchiyamal]
(2003)



the functions sinp, sinhp and the number 7,

Basic knowledge 3asic
Differentiability and Maclaurin series
Open problems

How to effectively compute sin,, ?

Idea:
Using Maclaurin series.

Generalized Maclaurin series: 7% a; - x - [x|"", r > 1.

For sin,, it converge on "small” neighborhood of 0 [Paredes, Uchiyamal]
(2003)

Find the convergence rate of Maclaurin series for sin,.




p. sinhp and the number 7,
Basic knowledge

fferentiability and Maclaurin series
Open problems

Differentiability of sing:
e p=2:sin; € C*(R)
° p#2:sin, ¢ C°(R)
@ p>1:sin, e C*® (0,%)
p=2(m+1), meN: siny.q) € C (—2p o)

p=R\{2(m+1): meN}: sin, € clrl (_%’%)
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p. sinhp and the number 7,
Basic knowledge

fferentiability and Maclaurin series
Open problems

Differentiability of sing:
e p=2:sin; € C*(R)
° p#2:sin, ¢ C°(R)
@ p>1:sin, e C*® (0,%)
p=2(m+1), meN: siny.q) € C (—2p o)

p=R\{2(m+1): meN}: sin, € clrl (_%’%)

Maclaurin series for p=2(m+1),meN:

+oo _: (np+1)(0)
sin Ty
i — > p \Y) onptl (_7;9 79>'
sinp(x) ,?:0 (np 1)1 X , X € 57D
Generalized Maclaurin series for p=2m+1, me N:
+oo : . np+1
limy_ 04 sinP"(x) T T
sin,(x) = P x|x|", X € (f—p, —p> .
i ; (np+ 1)! 272



Basic knowledge

Open problems

The idea of proving the order of differentiability
@ induction
e from (uv)’ = u'v + uv’ and sinj)(x) = —sinf~!(x) cos2~P(x) follows
Vn € N :sin{)(x) = Zi;;il ak,n sinde(x) cos, %"(x) on (0, %)
@ we use oddness or evenness to extension on (-7, 22) \ {0}
@ we show that Vp e N,p>1,Vk,neN:qx, >0

@ from one-side limits at O follows continuity or discontinuity of n-th
derivative of function sin,



Basic knowledge 3
Di abil

erentiability and Ma
Open problems

Open problem (Convergence for p > 1 not integer)

Consider p > 1, p ¢ N. Prove (or find a counterexample) that the
generalized Maclaurin series corresponding to sin, converges on

_Tp Tp

%, =) towards the values of sin,,.

sinhp and the number p,

Open problem (Endpoints of the interval)

Consider p > 1, p € N. Prove (or find a counterexample) that the

. . . . b kA
generalized Maclaurin series of sin, converge at —= and/or .

A\




mplex domain

Complex domain

Definitions via differential equations in complex domain:

Function sin(z): Function sinh(z):
u'+u = 0, zeC, u'—u = 0, zeC,
u(0) = 0, u(0) = 0,
u'(0) = 1. u'(0) = 1.

Well known identity:
sin(z) = —isinh(iz).



mplex domain

Complex domain

Definitions via differential equations in complex domain:

Function sin(z): Function sinh(z):
u'+u = 0, zeC, u'—u = 0, zeC,
u(0) = 0, u(0) = 0,
u'(0) = 1. u'(0) = 1.

Well known identity:
sin(z) = —isinh(iz).

Does there exist an analogous identity in the case p =2(m+1), m € N?




and sinhp in complex domain
-p > 1odd

Complex domain ; 2

Remark (Complex argument for p even)

For p = 2(m + 1), the function sin, can be extend to the absolutely
convergent Maclaurin series. Due to this fact we can naturally extend the
range of definition of sin, to the complex open disc

B :{ZECZ|Z|<%}.




Clas: 2
Functions sinp and sinhp in complex domain

Complex domain Extension of sinp - p > 1 odd

Definitions via differential equations in complex domain:

e Function siny(z):

(VP20 +uP™t = 0, z€B,,
u(0) = 0,
u'(0) = 1.
@ Function sinh,(z):
(VP20 — Pt = 0, ze€ Dy,
u(0) = 0
u'(0) = 1.



Complex domain

@ Let consider initial value problem for p > 2 even

_ (u/)P—2 J' — Pl = 0
u(0) = 0,
u’(0) =1
in sense of differential equation in complex domain.

@ It is equivalent to the first order system

4 z Z’UP*]-/VP*2 ,
u(0) = 0, (1)
v(0) = 1.

@ Main idea - show that the first order system (1) have local solution
given by Maclaurin series and that this series must be the same one
as the Maclaurin series for sin,(x) is.



Complex domain

d sinhp in complex domain
> 1 odd

sinp - p id

Theorem
Let p=4/+2, | € N. Then

sinp(z) = —isinh,(iz)
for all z € B,. Moreover,

' 00 ksin(kp+1) 0 ko1
sinhy(2) = (—1) (kpﬂ()!)z .

k=0




and sinhp in complex domain
sinp - p > 1 odd

Complex domain

Let p=4I, | € N. Then
sinp(z) = —isinp(iz)

for all z € B,.




and sinhp in complex domain

Complex domain sinp - p > 1 odd

Theorem
Let p=4I, | € N. Then

siny(z) = —isinp(iz)

for all z € B,.

| A

Theorem
Let p=4I, | € N. Then

sinh,y(z) = —isinh,(iz)

for all z € Dp,.




Complex domain

Definition of sin,(z) for p > 1 odd in complex domain by Lindqvist:

d

o WY+ (p—1wP =0, w(0)=0, w(0)=1. (2)



Complex domain

Definition of sin,(z) for p > 1 odd in complex domain by Lindqvist:

d

o WY+ (p—1wP =0, w(0)=0, w(0)=1. (2)

Is the solution of (2) restricted to R equal to function sin(x)?




Complex domain

Definition of sin,(z) for p > 1 odd in complex domain by Lindqvist:

d

o WY+ (p—1wP =0, w(0)=0, w(0)=1. (2)

Is the solution of (2) restricted to R equal to function sin(x)?

The same approach as in the case p even reveals that solution of (2) is
equal to generalized Maclaurin series of function sin,(x) only for
x € (0,m,/2).



Complex domain

Definition of sin,(z) for p > 1 odd in complex domain by Lindqvist:

d

o WY+ (p—1wP =0, w(0)=0, w(0)=1. (2)

Is the solution of (2) restricted to R equal to function sin(x)?

The same approach as in the case p even reveals that solution of (2) is
equal to generalized Maclaurin series of function sin,(x) only for
x € (0,m,/2).

Let p > 1 is odd. Then the unique solution u(z) of the complex initial
value problem (2) differs from the real function siny(x) for any
z=x€ (—7mp/2,0).




Complex domain

1.5¢

1.0t

0.5¢ Comparison:
@ restriction of complex
. sin3(z) to real
m3/4 m3/2 domain(long dashed
curve)

o real function sins(x)
(short dashed curve)




ns sinp and sinhp, in complex domain

Complex domain Extension of sinp - p > 1 odd

3 !
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+ 2 D 2\\ 4. sin3(z) to real
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-1 et o real function sinz(x)
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-2 o real function sinhs(x)
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Complex domain

* .
s Comparison:
A}
I @ restriction of complex
LW .
S8 ar sinhs3(z) to real
s domain(solid curve)
14
A

@ real function sin3(x)
(short dashed curve)

@ real function sinh3(x)
(long dashed curve).



Complex domain
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