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Consider the differential equation
y(" = agp(t H i (YY), (1)

where ag € {—1;1}, p: [a,w[—]0, +o0[- is a continuous
function, ¢; : Ay, —]0, +oo[ (j = 0, n — 1)- continuous regularly
varying at yU) — Y; functions of orders o, —00 < a < w < +o0,
Ay, - one-sided neighborhood Y}, Y} equals either 0, or +oo.
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From definition of regularly varying function it follows that
@] (y(j)) = ‘y(j) "L (y(“) (j=0,n—1),

where L; : Ay, —]0, +oo[ (j = 0, n — 1) are continuous and
slowly varying at y/ — Y; functions, i.a. such that conditions

_ L ()\y(j)) B R —
R AN 77) B A L
yU)Eij

are satisfied for each A > 0.
For example, the following functions are slowly varying as y — Yj
(Yo is either 0, or £00):

In“lyl, In™Inly|]| (k,meR\{0}),

Inlyl

e(lInlyl)* (0<a<1), enlmi,

they have a nonzero finite limit as y — Y.
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At study of the equation (1) we will assume that the numbers defined by

B 1, if either Y;j =+o00, or Y;=0 and ij — right neighborhood of 0,
Vi= —1, ifeither Yj=—00, or Y;=0 and ij — left neighborhood of 0,

such that
vivjy1 >0 as Yy=z2oo and vy <0 as Y;=0 (j=0,n-2). (2)

These conditions are necessary for existence at the equation (1) solutions defined in the left
neighborhood w, each of which satisfies to conditions

Wt)yeny, astelwwl, lim Yy =Y, (=0,n=1). 3)
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Among set of all solutions of the equation (1) defined in the left neighborhood w they
represent the greatest interest as each of the remaining has only one of representations

y(O) =l (Oa1+o(1)] (k=T,n) ttw, (4)

where cx—1 (k = 1, n) are real constants distinct from zero,

_ t, if w=+o00,
Tr“’(t)f{ t—w, if w<+4oo.

The problem on existence at the equation (1) solutions with representations (4) as a whole can
be solved with use of known results and research methods, for example, at w = +oo with use
of theorems of |.T.Kiguradze.

As to solutions with properties (3) for them a priori it is not had concrete asymptotic
representations. Therefore first of all there is a necessity of allocation from their set of a class
of solutions for which such representations can be established. One of such enough wide
classes has been introduced in my papers devoted generalized differential equation of type of

Emden-Fowler
v = aop(t Hly
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Definition 1.
Solution y of the equation (1) is called P.,(Yo, ..., Ya—1, \o)- solution, where
—00 < Ao < +o0, if it is defined on an interval [ty,w[C [a,w][, satisfies to conditions (3)

and such that
Ol
= Xo.

im-—--_ ‘7
ttw y(nfz)(t)y(")( )
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If y is a solution with properties (3) differential equation (1) and
functions In [y("=1(t)| and In |m,,(t)| comparable an order 1 at
t T w it is easy to prove that the given solution is a

P,(Yo, ..., Yn—1, Ao)-solution at some value \g, depending on

value of a limit -
)y (t
1Y)
If coefficient p the equations (1) is regularly varying function at
t T w it is possible to show that each regularly varying solution with
properties (3) these equations is a P,(Yp,..., Ya—1, Ag)-solution at
some value Ag.
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P,(Yo,---, Yn—1,Ao)- solutions possess different asymptotic
properties as t T w depending on values Ag, namely,

when Ao € R\ {0, TR f,l} — principal case,

when X\g € {0, TR 1, 1 j:oo} - special (worst) cases.

In the present report for the equation (1) will be presented at each
of possible values \g the established results on existence and
asymptotic behaviour of P,(Yo,..., Ya—1, Ao)- solutions.
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Principal case: \j € R\ {O, %, .o AP Z%f, 1}.

gj
n—1 n—2 n—2 i
. (Mo — 1)1
70:1_20—1'7 anzaj(n_f_l)v C= H n—1 s
J=0 J=0 Jj=0 H ao;

I(0) = [ p(lmutr)p dr,
An

where an integration limit A, gets out equal a if at this value the
integral aspires to +o0o as t T w, and equal w if at such value of a
limit of integration the integral aspires to zero as t T w.
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oty o Qo= DRI oy . n )

H aoj
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Theorem 1.
Let Ao € R\ {O, %7..., =, 1} and o # 0. Then for existence of P, (Yo, ..., Ya—1,Xo)-

solutions of equation (1) it is necessary and if algebraic equation
ZUJ Hao:H ai+p) —(1+P)H(30i+ﬂ) (5)
i=j+1 i=1
does not have roots with zero real part, is sufficiently that inequality (2), inequalities
I/ojl/oj+1aoj+1(>\0 = 1)7&,(1’) >0 (_j = 07 n— 2), ()zol/n_l’)/o_/n(t) >0 at t E]a,w[

and condition

lim ﬂ-w(t)‘j (t) "o
ttw  Jo(t) T o1

are satisfied.
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Moreover, for each such solution as t 1 w following asymptotic representations are valid

y(j)(t) - [()\0 - 1)7Tw(t)]n_j_1 y(n—l)(t)[l + O(l)] (J -0,1,...,n— 2)7

n—1
H aoi
i=j+1
. Yo
=0 (e)
= aovn—170 Cn(t)[1 + o(1)],
n—1 e
I & | o=z == yo-n(r)
Jj=0 I a0i

where L; (y(j)) = [y~ py (y(j)) (j =0,n—1). Furthermore, there exists an
m-parameter family of such solutions if , among the roots of equation (5), there are m
roots (with regard of multiplicities) with the real part having the same sign as the
function (1 — Xo)mw(t).
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The algebraic equation (5) obviously has no roots with a zero real

part, if
n—2
Z |oj| <lon-1—1f
j=0
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Under certain additional assumptions the asymptotic
representations in the theorem 1 can be written down in an explicit
form.
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Definition 2
We call the slowly varying as z — Zy function L : Az, —]0,+o00[, where Zy is either 0, or
+o0, Az, is one-sided neighborhood of Zy, satisfies the Condition Sy, if representation

L (ye[1+°<1>] L 'Z') = L(2)1+0(1)] mpu z—Z (z€Dz),

where v = sign z, takes place.
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Theorem 2.
Let the conditions of theorem 1 be satisfied and the functions L; (j = 0, n — 1) satisfy

Condition So. Then each P.,(Yo,. .., Ya—1,Xo)- solution of differential equation (1)
admits the following asymptotic representations as t T w

n—1

H aoj

i=j+1

. . n—j—1 =1 o
y(J)(t) N Vn-1[(Ao — D ()" 70 CJa(t) H L; (l/l'|7rw(t)‘ oy
i=0
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Special cases: \j =1 and )y = £o0.

n—2
70—1_20'17 anzaj(n_./_l)
=0
t
Jo(t) = / p(s)ds, Joolt / Jols
Ao
t
(o) = [ i) HL (ylmals)|"371) ds

An
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(n—k)
e (Y
y( )(t) O( () )
y) y'"t y("(t)
y(t)  y'(t) y(n=1(¢)
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Theorem 3.
Let vo # 0. Then for existence of P,(Yo,. .., Yo—1,1)- solutions of equation (1) it is
necessary and if algebraic equation

n—1
1+p)"=> oi(1+p) (6)
Jj=0

does not have roots with zero real part, is sufficiently that inequality (2), inequalities
aon—170J0(t) >0, Va1 (90h(t))" 7P >0 (j=0,n—2) npu t€la,uw|
and conditions

. p(t)Joo(t) _ I L . B ]
im 20 1, i ()% =, (=07

are satisfied.
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Moreover, for each such solution as t 1 w following asymptotic representations are valid

i ~YoJoo(t) = =il P
ROE ( JO"()) Y@ +o()] (=077,

ly"= ()

(=)™ ven)

YoJoo(t) [
7J00(t) ' [1+ o(1)]

= aoVn—1Y0Jo(t)

Furthermore, there exists an m-parameter family of such solutions if , among the roots of
equation (6), there are m roots (with regard of multiplicities) which the real part have a
sign opposite to a sign apVn—1.
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The algebraic equation (6) obviously has no roots with a zero real

part, if
n—2
Z |oj| <lon-1—1f
j=0
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Theorem 4.
Let the conditions of theorem 3 be satisfied and the functions L; (j = 0, n — 1) satisfy

Condition So. Then each P.,(Yo,. .., Ya—1,1)- solution of differential equation (1) admits
the following asymptotic representations as t 1 w
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Theorem 5.
Let vo # 0 and the functions Lj (j = 0, n — 2) satisfy Condition So. Then for existence of
Py (Yo, - - ., Yn—1,£00)- solutions of equation (1) it is necessary and sufficiently that
inequality (2), inequalities

nyﬂflﬂ'g)_j_l(t) >0 (J = 07 n— 2)7 aﬂynflﬁrloj';(t) >0

and conditions

- . T e |
wlimlr (O =Y, (=07=2), vetlimlG(O1% = Yo,
77
fim T (0)a(t)

ttw Jn(t)

are satisfied.
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Moreover, for each such solution as t 1 w following asymptotic representations are valid

Y9 (e) ~ %W—”mu +oM)] (=1...,n-1)

()

LG 0@) " Ao+ o]

J*l

Furthermore, if w = +oco there is n—parametr/cal (n-1-parametrical) family of such
solutions in a case, when J,(t) > 0 (Jn(t) < 0) at t € [ao,w|; if w < 400 and Jy(t) >0
at t € [ao,w][ there is a one-parametrical family of such solutions.
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Theorem 6.

Let the conditions of theorem 5 be satisfied and the function L,_1 satisfy Condition S.
Then each P,(Yo,. .., Yo—1,£00)- solution of differential equation (1) admits the
following asymptotic representations as t T w

YD) ~
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Special cases: \g = ==L (i =1,n—1).

n—I

i—2 n—1
pi=n—i=1+Y oii=j—1)= Y oii—i) (i=Ln),
j=0 j=it1
n—1 n—1
1 i—1
q:w_opw—rJWJILw—wfo—wﬁn

t

50 = [ ps)ints wIlem )7 ds (i = Tn),

Ai j#l
t
1 -
) :/u,-(s)yw ds (i = T.n).
A..

ii
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y & (1) ~ My(ifl)(t) (k=1,...,i—1),

(i —k)!
i . y(iil)(t)
y(t)=o < o) ) ;
y0(¢) ~ (_1)“[77(:‘(;)]’2!,. yO(t) (k=i+1,....n).
I=n—-1
lim Tty ()
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Theorem 7.
Let i€ {1,...,n—1}, voyi # 0 and functions L; at all j € {0,...,n—1}\ {i — 1} satisfy

n—i—1
n—i

to a condition So. Then for existence at the equation (1) P, ( Yo,..., Ya-1,
(n)
solutions (at i = n — 1 for which exists finit or equal £oo a limit I|m e ,f){ @) ) is

necessary, and if the algebraic equation

n—i

ZU_,,H(m p)+oi= o [T(m =) ™)

J=i+1 m=1
does not have roots with zero real part, is sufficiently that inequality (2), inequalities
vivi—1(i — j)m(t) >0 atall je{1,...,n—1}\ {i}, vivi—1yovidi(t) >0,
V;ao(—l)"_i_lﬂg,_i_l(t)y,-./,'(t) >0
and conditions
- i
Vi1 Itle ()™ = Yj=1 npucex je{l,....,n}\{i}, vi-1 IiTm [Ji(t)] 0 = Yi_q,
w tTw
ttw J;(t) 7 ttw J,','(t)
are satisfied.
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Moreover, for each such solution as t 1 w following asymptotic representations are valid

y(j—l)(t) - %y“_”(t)[l +0o(1)] (=1,...,i—1),

’ (=) )L ]

00— (e T O 4 o(1)] (=0 - 1),

=D ()
Li—a(y0=1(t))

Furthermore, such solutions in a case, when w = +oco exists i + |-parameter (i — 1 + [-

parameter) family if vivi—1v0yi > 0 (vivi—170yi < 0) and in a case when w < +0o exist
an r + 1-parameter (r- parameter) family if vivi—1yoyi > 0 (vivi—1v0yi < 0), where | (r)-
number of roots of an equation (7) with a negative (positive) real part.

Yi
=|m-c,-\]%Jﬁ(t) oy
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The algebraic equation (7) obviously has no roots with a zero real

part, if
n—2
S lojl < 11~ sl
j=i
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Theorem 8.

Let the conditions of theorem 7 be satisfied and the function L;_; satisfy Condition Sp.
Then each P, (Yg, vy Yoo, ";iﬂ)— solution of differential equation (1) admits the

i

following asymptotic representations as t T w

Y
i

Vi1 [mw (£)) 0

G- () ~ L AN o .
y (t) (i —Jj)! 7 GiLi—1 <V1—1|Ju(t)|7°> o Ju(t) (_j =1, I),
B a Gy
W (g) o (qy—¥im2G = DY 2idi() |y 2[R0 [0 ]
y (t) ( ) [Ww(t)]jf" ”YOJii(t) )’YI C;L:—l (l/:—l‘./u(t” /0> e Ju(t)

(G=in-1).
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