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Let −∞ < a < b < ∞, r > 0, R+ = [0,+∞[ ,

D =
{

(x1, . . . , xn) ∈ Rn : 0 < x1 < r, . . . , 0 < xn < r
}

,

and f : [a, b]×D → R+ be an integrable in the first and continuous in the last n arguments function.
We consider the differential equation

u(n) = f(t, u, . . . , u(n−1)) (1)

with the initial conditions
u(i−1)(a) = 0 (i = 1, . . . , n). (2)

We denote by C̃n−1([a, b0]) the space of (n − 1)-times continuously differentiable functions
u : [a, b0] → R with an absolutely continuous derivatives of (n − 1)-th order. A function u ∈
C̃n−1([a, b0]), where b0 ∈ ]a, b], is called a solution of the differential equation (1) in the
interval [a, b0] if

0 < u(i−1)(t) < r for a < t < b0 (i = 1, . . . , n),

and almost everywhere on ]a, b0[ this function satisfies equation (1).
If in some interval [a, b0] ⊂ [a, b[, equation (1) has a solution satisfying the initial conditions

(2), then we call problem (1), (2) locally solvable.
When a function f has nonintegrable singularities with respect to the time variable, the problem

(1) (2) have been investigated with sufficient thoroughness (see, e.g., [1] and the references therein).
However, when equation (1) is singular in phase variables, i.e., when

lim
x1+···+xn→0

f(t, x1, . . . , xn) = +∞,

the question on solvability of problem (1), (2) still remains open.
The theorem on the solvability of the problem (1), (2) deals exactly with this case.
More precisely, we consider this case where the function f in the domain ]a, b[×D satisfies the

inequality
∑̀

i=1

gi(t)
hi(xni)

≤ f(t, x1, . . . , xn) ≤ g(t, xn1 , . . . , xn`
). (3)

Here ` ∈ {1, . . . , n}, ni ∈ {1, . . . , n}, ni < nj for i < j,

D` =
{

(y1, . . . , y`) : 0 < y1 < r, . . . , 0 < y` < r
}

,

and g : ]a, b[×D` → R+ is an integrable in the first argument on [a, b] and continuous nonincreasing
in each of the last ` arguments function. As for gi : ]a, b[→ R+ (i = 1, . . . , `) and hi : ]0, r] → ]0, +∞[
(i = 1, . . . , `), they are, respectively, integrable and continuous nondecreasing functions such that

∫ t

a
gi(s) ds > 0 for a < t ≤ b, lim

x→0
hi(x) = 0 (i = 1, . . . , `). (4)
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Let

Hi(x) =
∫ x

a
hi(y) dy for 0 ≤ x ≤ r (i = 1, . . . , `), (5)

δi(t) = H−1
i−1

(
1

(n− ni)!

∫ t

a
(t− s)n−nigi(s) ds

)
for a ≤ t ≤ b0 (i = 1, . . . , `), (6)

where H−1
i is the inverse function to Hi, and b0 ∈ ]a, b] is the number chosen so that

∫ b0

a
(b− s)n−nigi(s) ds < (n− ni)!Hi(r) (i = 1, . . . , `). (7)

Theorem 1. If along with (3) and (4) the condition
∫ b0

a
g
(
t, δ1(t), . . . , δ`(t)

)
dt < +∞ (8)

holds, then problem (1), (2) is locally solvable.

The particular cases of (1) are the differential equations

u(n) =
∑̀

i=1

gi(t)
hi(u(ni−1))

fi(t, u, . . . , u(n−1)) (9)

and

u(n) =
∑̀

i=1

(t− a)µi

(u(ni−1))νi
fi(t, u, . . . , u(n−1)). (10)

For these equations, Theorem 1 gives rise the following corollaries.

Corollary 1. Let fi : ]a, b[×D → [1, +∞[ (i = 1, . . . , `) be continuous, bounded functions, gi :
[a, b] → R+ (i = 1, . . . , `) be integrable and hi : ]0, r] → [0, +∞[ (i = 1, . . . , `) be continuous
nondecreasing functions, satisfying conditions (4). Let, moreover,

∫ b0

a

gi(t)
hi(δi(t))

dt < +∞ (i = 1, . . . , `),

where δi (i = 1, . . . , `) are the functions given by equalities (6). Then problem (9), (2) is locally
solvable.

Corollary 2. Let µi ∈ R, νi > 0 (i = 1, . . . , `), c > 0, and fi : ]a, b[×D → [c, +∞[ (i = 1, . . . , `) be
continuous, bounded functions. Then for problem (10), (2) to be locally solvable it is necessary and
sufficient that

µi > (n− ni)νi − 1 (i = 1, . . . , `). (11)
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