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Consider the differential equation

y(n) = α0p(t)
n−1∏
j=0

φj(y
(j)), (1)

where α0 ∈ {−1; 1} , p : [a, ω[−→]0,+∞[ - is a continuous function, φj : △Yj −→]0,+∞[ (j = 0, n− 1) -
continuous regularly varying at y(j) −→ Yj functions of orders σj , −∞ < a < ω ≤ +∞ , △Yj is one-sided
neighbourhood of Yj , Yj is either 0, or ±∞ .

Measurable function φ : ∆Y −→]0,+∞[ , where Y is either 0, or ±∞ and ∆Y is one-sided neighbourhood
of Y , is regularly variyng at y → Y (see [1]), if there exists number σ ∈ R such that

lim
y→Y
y∈∆Y

φ(λy)

φ(y)
= λσ for any λ > 0.

In this case the number σ is called the order of regularly varying function. Regularly varying as y → Y
zero-order function is called slowly varying function. Every regularly varying as y −→ Y function of order
σ has the representation

φ(y) = |y|σL(y), (2)

where L : ∆Y −→]0,+∞[ – is a slowly varying function as y → Y .
Moreover, let’s assume that a slowly varying function L : ∆Y −→]0,+∞[ satisfies Condition S0 , if

L
(
νe[1+o(1)] ln |y|

)
= L(y)[1 + o(1)] if y → Y (y ∈ ∆Y ),

where ν = sign y .
For example, the following functions are slowly varying as y → Y :

| ln |y||γ1 , lnγ2 | ln |y||, γ1, γ2 ∈ R, exp(| ln |y||γ3), 0 < γ3 < 1, exp

(
ln |y|

ln | ln |y||

)
;

they have a nonzero finite limit as y → Y .
Among these functions, the first two satisfy the Condition S0 , as well as many other functions.
By the definition of a regularly varying functions the differential equation (1) is asymptotically close at

y(j) −→ Yj (j = 0, n− 1) to the equation

y(n) = α0p(t)
n−1∏
j=0

|y(j)|σj .

Asymptotic behavior of solutions of this equation is investigated in [2]-[6], as well as in many other works.
In case of regularly varying nonlinearities which are distinct from powers, asymptotic representation of

solutions were established at n = 2 in works [7]-[11] and at n ≥ 2 , φj(y
(j)) ≡ 1 (j = 1, n− 1) in [12].

Definition 1. Solution y of the equation (1) will be called Pω(Y0, . . . , Yn−1, λ0) - solution, where −∞ ≤
λ0 ≤ +∞ , if it is defined on an interval [t0, ω[⊂ [a, ω[ and satisfies the following conditions

y(j)(t) ∈ ∆Yj
at t ∈ [t0, ω[, lim

t↑ω
y(j)(t) = Yj (j = 0, n− 1), lim

t↑ω

[
y(n−1)(t)

]2
y(n)(t)y(n−2)(t)

= λ0.
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Our purpose is to determine the conditions for existence of Pω(Y0, . . . , Yn−1, λ0) - solution of the equation
(1) at all possible values of λ0 and asymptotic representations as t ↑ ω for such solutions and their derivatives
up to and including n− 1 order.

Assume that numbers νj (j = 0, n− 1) , determined by

νj =

{
1, if either Yj = +∞, or Yj = 0 and ∆Yj is right neighborhood of 0,
−1, if either Yj = −∞, or Yj = 0 and ∆Yj is left neighborhood of 0,

are like
νjνj+1 > 0 with Yj = ±∞ and νjνj+1 < 0 with Yj = 0 (j = 0, n− 2). (2)

Such conditions for νj (j = 0, n− 1) are necessary for solutions of (1), which are determined in left
neighborhood of ω and which satisfy first two conditions of the definition 1.

Let’s reduce two of the theorems established for the equation (1), concerning Pω(Y0, . . . , Yn−1, λ0) –
solutions in a case, when λ0 ∈ R \

{
0, 1

2 ,
2
3 , . . . ,

n−2
n−1 , 1

}
.

Let’s define
a0i = (n− i)λ0 − (n− i− 1) (i = 1, . . . , n),

γ0 = 1−
n−1∑
j=0

σj , µn =
n−2∑
j=0

σj(n− j − 1), C =
n−2∏
j=0

∣∣∣∣∣∣∣∣∣
(λ0 − 1)n−j−1

n−1∏
i=j+1

a0i

∣∣∣∣∣∣∣∣∣
σj

,

πω(t) =

{
t, if ω = +∞,

t− ω, if ω < +∞,
Jn(t) =

t∫
An

p(τ)|πω(τ)|µn dτ,

where limit of integration An is either a, or ω and is chosen so that the integral tends either to ±∞ or
to zero as t ↑ ω .

Theorem 1. Let λ0 ∈ R \
{
0, 1

2 , . . . ,
n−2
n−1 , 1

}
and γ0 ̸= 0 . Then for existence of Pω(Y0, . . . , Yn−1, λ0) -

solutions of equation (1) it is necessary and if algebraic equation

n−1∑
j=0

σj

n−1∏
i=j+1

a0 i

j∏
i=1

( a0 i + ρ ) = ( 1 + ρ )

n−1∏
i=1

( a0 i + ρ ) (3)

does not have roots with zero real part, is sufficiently that inequality (2) , inequalities

ν0jν0j+1a0j+1(λ0 − 1)πω(t) > 0 (j = 0, n− 2), α0νn−1γ0Jn(t) > 0 at t ∈]a, ω[

and condition
lim
t↑ω

πω(t)J
′
n(t)

Jn(t)
=

γ0
λ0 − 1

are satisfied. Moreover, for each such solution at t ↑ ω, following asymptotic representations are valid

y(j)(t) =
[(λ0 − 1)πω(t)]

n−j−1

n−1∏
i=j+1

a0i

y(n−1)(t)[1 + o(1)] (j = 0, 1, . . . , n− 2),

∣∣y(n−1)(t)
∣∣γs

n−1∏
j=0

Lj

 [(λ0−1)πω(t)]n−j−1

n−1∏
i=j+1

a0i

y(n−1)(t)


= α0νn−1γ0CJn(t)[1 + o(1)],

2



where Lj

(
y(j)

)
= |y(j)|−σjφsj

(
y(j)

)
(j = 0, n− 1) . Furthermore, there exists an m-parameter family of

such solutions if , among the roots of equation (3), there are m roots (with regard of multiplicities) with the
real part having the same sign as the function (1− λ0)πω(t) .

Theorem 2. Let the conditions of theorem 1 be satisfied and the functions Lj (j = 0, n− 1) satisfy
Condition S0 . Then each Pω(Y0, . . . , Yn−1, λ0) - solution of differential equation (1) admits the following
asymptotic representations as t ↑ ω

y(j)(t) ∼ νn−1[(λ0 − 1)πω(t)]
n−j−1

n−1∏
i=j+1

a0i

∣∣∣∣∣γ0CJn(t)

n−1∏
i=0

Li

(
νi|πω(t)|

a0i+1
λ0−1

)∣∣∣∣∣
1
γ0

(j = 0, n− 1).
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